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1 Backpropagation

1.1 Introduction
A key idea of neural nets is to decompose computation into a series of layers. In this chapter
we will think of layers as modular blocks that can be chained together into a computation
graph. Figure 1.1 shows the computation graph for the two-layer MLP from Chapter ??.
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Figure 1.1: In this chapter
we will visualize neu-
ral nets as a sequence of
layers, which we call a
computation graph.

Each layer takes in some inputs and transforms them into some outputs. We call this the
forward pass through the layer. If the layer has parameters, we will consider the parameters
to be an input to a parameter-free transformation:

xout = f (xin, θ) (1.1)

Graphically, we will depict the forward operation of a layer like shown below (figure 1.2).

f (xin, θ)

θ

xin xout

forward Figure 1.2: Forward
operation of a neural net
layer.

The learning problem is to find the parameters θ that achieve a desired mapping. Usually
we will solve this problem via gradient descent. The question of this chapter is, how do we
compute the gradients?

We will use the color
to indicate free
parameters, which are set
via learning and are not
the result of any other
processing.
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Backpropagation is an algorithm that efficiently calculates the gradient of the loss with
respect to each and every parameter in a computation graph. It relies on a special new
operation, called backward that, just like forward, can be defined for each layer, and acts
in isolation from the rest of the graph. But first, before we get to defining backward, we
will build up some intuition about the key trick backpropagation will exploit.

1.2 The Trick of Backpropagation: Reuse of Computation
To start, we will consider a simple computation graph that is a chain of functions fL ◦ fL–1 ◦
· · · f2 ◦ f1, with each function fl parameterized by θl.

Such a computation graph
could represent an MLP,

for example, which we
will see in the next

section.

We aim to optimize the parameters
with respect to a loss functionL. The loss can be treated as another node in our computation
graph, which takes in xL (the output of fL) and outputs a scalar J, the loss. This computation
graph appears as follows (figure 1.3).

This computation graph is
a narrow tree; the

parameters live on
branches of length 1. This
can be easier to see when

we plot it with data and
parameters as nodes and

edges as the functions:
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The parameters, along
with the input training

data, are the leaves of the
computation graph.

Figure 1.3: Basic sequen-
tial computation graph. f1 f2 fL–1 fLx0 x1 · · · xL–1 xL

θ1 θ2 θL–1 θL

L J

︸ ︷︷ ︸
∂J
∂θ1︸ ︷︷ ︸

∂J
∂θ2

Our goal is to update all the values highlighted in blue: θ1, θ2, and so forth. To do so we
need to compute the gradients ∂J

∂θ1
, ∂J
∂θ2

, etc. Each of these gradients can be calculated via
the chain rule. Here is the chain rule written out for the gradients for θ1 and θ2:

∂J
∂θ1

=
∂J
∂xL

∂xL

∂xL–1
· · · ∂x3

∂x2

∂x2

x1

∂x1

∂θ1
(1.2)

∂J
∂θ2

=
∂J
∂xL

∂xL

∂xL–1
· · · ∂x3

∂x2

∂x2

∂θ2
(1.3)

Rather than evaluating both equations separately, we notice that all the terms in each gray
box are shared. We only need to evaluate this product once, and then can use it to compute
both ∂J

∂θ1
and ∂J

∂θ2
. Now notice that this pattern of reuse can be applied in the same way

for θ3, θ4, and so on. This is the whole trick of backpropagation: rather than computing
each layer’s gradients independently, observe that they share many of the same terms, so
we might as well calculate each shared term once and reuse them.

This strategy, in general,
is called dynamic

programming.

1.3 Backward for a Generic Layer
To come up with a general algorithm for reusing all the shared computation, we will first
look at one generic layer in isolation, and see what we need in order to update its parameters
(figure 1.4).
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f (xin, θ)

θ

xin xout · · · J· · ·

︸ ︷︷ ︸
L ︸ ︷︷ ︸

gout︸ ︷︷ ︸
gin

Figure 1.4: A generic
layer in the computa-
tion graph. The braces
represent the part of the
computation graph we
need to consider in order
to evaluate gout, L, and
gin.

Here we have introduced two new shorthands, L and g; these represent arrays of partial
derivatives, defined below, and they are the key arrays we need to keep track of to do
backprop. They are defined as:

All these arrays represent
the gradient at a single
operating point, namely
that of the current value of
the data and parameters.

gl ,
∂J
∂xl

/ grad of cost with respect to xl [1× |xl|] (1.4)

L,
∂xout

∂[xin, θ]
/ grad of layer (1.5)

Lx ,
∂xout

∂xin
/ with respect to layer input data [|xout|× |xin|] (1.6)

Lθ ,
∂xout

∂θ
/ with respect to layer params [|xout|× |θ|] (1.7)

These arrays give a simple formula for computing the gradient we need, that is, ∂J
∂θ , in

order to update θ to minimize the cost:

∂J
∂θ

=
∂J
∂xout︸ ︷︷ ︸
gout

∂xout

∂θ︸ ︷︷ ︸
Lθ

=goutL
θ (1.8)

θi+1← θi – η
(∂J
∂θ

)T
/ update (1.9)

The transpose is because,
by convention, θ is a
column vector while ∂J

∂θ
is

a row vector; see the
Notation section prior to
chapter 1.

The remaining question is clear: how do we get gl and Lθl for each layer l?
Computing L is an entirely local process: for each layer, we just need to know the func-

tional form of its derivative, f ′, which we then evaluate at the operating point [xin, θ] to
obtain L= f ′(xin, θ).

Computing g is a bit trickier; it requires evaluating the chain rule, and depends on all
the layers between xout and J. However, this can be computed iteratively: once we know
gl, computing gl–1 is just one more matrix multiply! This can be summarized with the
following recurrence relation:

gin =goutL
x / backpropagation of errors (1.10)
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This recurrence is essence of backprop: it sends error signals (gradients) backward through
the network, starting at the last layer and iteratively applying equation (1.10) to compute g

for each previous layer.

Deep learning libraries
like Pytorch have a .grad
field associated with each
variable (data, activations,

parameters). This field
represents ∂J

∂v for each
variable v.

We are finally ready to define the full backward function promised at the beginning of
this chapter! It consists of the following operation, shown in figure 1.5, which has three
inputs (xin, θ,gout) and two outputs (gin and ∂J

∂θ ).

Figure 1.5: backward for
a generic layer. We use

the color to indicate
parameter gradients.

backward

L= f ′(xin, θ)

gin =goutL
x

∂J
∂θ =goutL

θ

∂J
∂θ

xin, θ

gin gout

1.4 The Full Algorithm: Forward, Then Backward
We are ready now to define the full backprop algorithm. In the last section we saw that we
can easily compute the gradient update for θl once we have computed Ll and gl.The gl and Ll are the g

and L arrays for layer l. So, we just need to order our operations so that when we get to updating layer l we have
these two arrays ready. The way to do it is to first compute a forward pass through the
entire network, which means starting with input data x0 and evaluating layer by layer to
produce the sequence x0,x1, …,xL. Figure 1.6 shows what the forward pass looks like.

We use the color for
data/activations being

passed forward through
the network.

Figure 1.6: Forward pass.
f1 f2 fL–1 fLx0 x1 · · · xL–1 xL

θ1 θ2 θL–1 θL

L

Next, we compute a backward pass, iteratively evaluating the g’s and obtaining the
sequence gL,gL–1, …, as well as the parameter gradients for each layer (figure 1.7).

We use the color for
data/activation gradients
being passed backward

through the network.

Figure 1.7:
Backward pass. f ′1 f ′2 f ′L–1 f ′Lg0 g1 · · · gL–1 gL

∂J
∂θ1

∂J
∂θ2

∂J
∂θL–1

∂J
∂θL

L′ 1

The full algorithm is summarized in algorithm 1.1.

1.5 Backpropagation Over Data Batches
So far, we have only examined computing the gradient of the loss for a single datapoint, x.
As you may recall from chapters ?? and ??, the total cost function we wish to minimize
will typically be the average of the losses over all the datapoints in a training set, x(i)

i=1
N .
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Algorithm 1.1: Backpropagation (for chain computation graphs).
Algorithm 1.1: A simple
version of the
backpropagation
algorithm. This will work
for the computation
graphs we have seen so
far, which consist of a
series of layers,
f1 ◦… ◦ fL, with no
merging or branching (see
section 1.7 for how to
handle more complicated
graphs with merge and
branch operations).

1 Input: parameter vector θ = {θl}L
l=1, f1, …, fL, f ′1 , …, f ′L, training datapoint {x0,y},

Loss function L :RN→R

2 Output: gradient direction ∂J
∂θ =

{
∂J
∂θl

}L

l=1
3

4 Forward pass:
5 for l = 1, . . . , L do
6 xl = fl(xl–1, θl)

7

8 Backward pass:
9 gL =L′(xL, y)

10 for l = L, . . . , 1 do
11 Ll = f ′l (xl–1, θl)
12 gl–1 =glL

x
l

13 ∂J
∂θl

=glL
θ
l

However, once we know how to compute the gradient for a single datapoint, we can easily
compute the gradient for the whole dataset, due to the following identity:

∂ 1
N

∑N
i=1 Ji(θ)
∂θ

=
1
N

N∑

i=1

∂Ji(θ)
∂θ

(1.11) The gradient of a sum of
terms is the sum of the
gradients of each term.

where Ji(θ) is the loss for a single datapoint x(i). Therefore, to compute a gradient update
for an algorithm like stochastic gradient descent (section ??), we apply backpropagation
in batch mode, that is, we run it over each datapoint in our batch (which can be done in
parallel) and then average the results.

In the remaining sections, we will still focus only on the case of backpropagation for the
loss at a single datapoint. As you read on, keep in mind that doing the same for batches
simply requires applying equation (1.11).

1.6 Example: Backpropagation for an MLP
In order to fully describe backprop for any given architecture, we need L for each layer in
the network. One way to do this is to define the derivative f ′ for all atomic functions like
addition, multiplication, and so on, and then expand every layer into a computation graph
that involves just these atomic operations. Backprop through the expanded computation
graph will then simply make use of all the atomic f ′s to compute the necessary L matrices.
However, often there are more efficient ways of writing backward for standard layers. In
this section we will derive a compact backward for linear layers and relu layers — the two
main layers in MLPs.
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1.6.1 Backpropagation for a Linear Layer
The definition of a linear layer, in forward direction, is as follows:

xout =Wxin +b (1.12)

We have separated the parameters into W and b for clarity, but remember that we could
always rewrite the following in terms of θ = vec[W,b].The vec is the

vectorization operator,
which takes numbers in
some structured format

and rearranges them into a
vector.

Let xin be N-dimensional and xout

be M-dimensional; then W is an [M×N] dimensional matrix and b is an M-dimensional
vector.

Next we need the gradients of this function, with respect to its inputs and parameters,
that is, L. Matrix algebra typically hides the details so we will instead first write out all the
individual scalar gradients:

Here we define LW and
Lb as matrices that store

the gradients of each
output with respect to
each weight and bias,

respectively. The columns
of LW index over all the

MN weights.

Lx[i, j] =
∂xout[i]
∂xin[j]

=
∂
∑

l W[i, l]xin[l]
∂xin[j]

=W[i, j] (1.13)

LW[i, jk] =
∂xout[i]
∂W[j, k]

=
∂
∑

l W[i, l]xin[l]
∂W[j, k]

=

{
xin[j], if i == k

0, otherwise
(1.14)

Lb[i, j] =
∂xout[i]
∂b[j]

=

{
1, if i == j

0, otherwise
(1.15)

Equations (1.13) and (1.15) imply:

Lx =W / [M×N] (1.16)

Lb = I / [M×M] (1.17)

There is no such simple shorthand for LW, but that is no matter, as we can proceed at this
point to implement backward for a linear layer by plugging our computed Lx into equation
(1.10), and LW and Lb into equation (1.9).

gin =goutL
x =goutW (1.18)

∂J
∂W

=goutL
W (1.19)

∂J
∂b

=goutL
b =gout (1.20)

To get an intuition for equation (1.18), it can help to draw the matrices being multiplied.
Below, in figure 1.8, on the left we have the forward operation of the layer (omitting biases)
and on the right we have the backward operation in equation (1.18).

Figure 1.8: The
forward and backward

matrix multiples
for a linear layer.

xout
=

W xin

forward

gin

=
gout W

backward
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Unlike the other equations, at first glance ∂J
∂W does not seem to have a simple form. A

naive approach would be to first build out the large sparse matrix LW (which is [M×MN],
with zeros wherever i 6= k in LW[i, jk]), then do the matrix multiply goutL

W. We can avoid
all those multiplications by zero by observing the following simplification:

∂J
∂W[i, j]

=
∂J
∂xout

∂xout

∂W[i, j]
/ [1×M][M× 1]→ [1× 1] (1.21)

=
∂J
∂xout

[∂xout[0]
∂W[i, j]

, …,
∂xout[M – 1]
∂W[i, j]

]T
(1.22)

=
∂J
∂xout

[
…, 0, …,

∂xout[i]
∂W[i, j]

, …, 0, …

]T
(1.23)

=
∂J
∂xout

[
…, 0, …, xin[j], …, 0, …

]T
(1.24)

=
∂J

∂xout[i]
xin[j] / [1× 1][1× 1]→ [1× 1] (1.25)

In matrix equations, it’s
very useful to check that
the dimensions all match
up. To the right of some
equations in this chapter,
we denote the
dimensionality of the
matrices in the product,
where xin is M
dimensions, xout is N
dimensions, and the loss J
is always a scalar.

Now we can just arrange all these scalar derivatives into the matrix for ∂J
∂W , and obtain the

following:

∂J
∂W

=




∂J
∂W[0,0] …

∂J
∂W[N–1,0]

...
. . .

...
∂J

∂W[0,M–1] …
∂J

∂W[N–1,M–1]


 (1.26)

=




∂J
∂xout[0] xin[0] …

∂J
∂xout[N–1] xin[0]

...
. . .

...
∂J

∂xout[0] xin[M – 1] …
∂J

∂xout[N–1] xin[M – 1]


 (1.27)

=xin
∂J
∂xout

(1.28)

=xingout (1.29)

Note, we are using the
convention of
zero-indexing into vectors
and matrices.

So we see that in the end this gradient has the simple form of an outer product between
two vectors, xin and gout (figure 1.9).

∂J
∂W

=
xin gout

Figure 1.9: Matrix multi-
ply for parameter gradient
of a linear layer.

We can summarize all these operations in the forward and backward diagram for linear
layer in figure 1.10.

Notice that all these operations are simple expressions, mainly involving matrix multi-
plies. Forward and backward for a linear layer are also very easy to write in code, using
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Figure 1.10: Linear layer
forward and bacward.

linear layer
forward and backward

xout =Wxin +b

gin =goutW

∂J
∂W =xingout

∂J
∂b =gout∂J

∂W

∂J
∂b

xin,W,b

gin

gout

xout

any library that provides matrix multiplication (matmul) as a primitive. Figure 1.11 gives
Python pseudocode for this layer.

Figure 1.11: Pytorch-
like pseudocode for

a linear layer with
forward and backward.

class linear():
def __init__(self, W, b, lr):

self.W = W
self.b = b
self.lr = lr # learning rate

def forward(self, x_in):
self.x_in = x_in
return matmul(W,x)+b

def backward(self,J_out):
J_in = matmul(J_out,W)
dJdW = matmul(self.x_in,J_out)
dJdb = J_out
return J_in, dJdW, dJdb

def update(self, dJdW, dJdb):
self.W -= self.lr*dJdW.transpose()
self.b -= self.lr*dJdb

1.6.2 Backpropagation for a Pointwise Nonlinearity
Pointwise nonlinearities have very simple backward functions. Let a (parameterless) scalar
nonlinearity be h :R→R with derivative function h′ :R→R. Define a pointwise layer
using h as f (xin) = [h(xin[0]), …, h(xin[N – 1])]T. Then we have

Lx = f ′(xin) = diag([h′(xin[0]), …, h′(xin[N – 1])]T),H′ (1.30)The diag is the operator
that places a vector on the

diagonal of a matrix,
whose other entries are all

zero.

There are no parameters to update, so we just have to calculate gin in the backward
operation, using equation (1.10):

gin =goutH
′ (1.31)
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As an example, for a relu layer we have:

h′(x) =

{
1 if x≥ 0

0 otherwise
(1.32)

As a matrix multiply, the backward operation is shown in figure 1.12.

gin

=
gout H′

a 0 0
0 b 0
0 0 c

Figure 1.12: Matrix mul-
tiply for backward of a
pointwise layer.

with a = h′(xin[0]), b = h′(xin[1]), and c = h′(xin[2]). We can simplify this equation as
follows:

gin[i] =gout[i]h′(xin[i]) ∀i (1.33)

The full set of operations for a pointwise layer is shown next in figure 1.13.

pointwise layer
forward and backward

xout[i] = h(xin[i])

gin[i] =gout[i]h′(xin[i])

xin

gin gout

xout

Figure 1.13: Point-
wise layer forward and
backward

1.6.3 Backpropagation for Loss Layers
The last layer we need to define for a complete MLP is the loss layer. As a simple example,
we will derive backprop for an L2 loss function: ‖ŷ –y‖2

2, where ŷ is the output of the
network (prediction) and y is the ground truth.

This layer has no parameters so we only need to derive equation (1.10) for this layer:

Lx =
∂ ‖ŷ –y‖2

2

∂ŷ
= 2(ŷ –y) / [1× |y|] (1.34)

gin =gout ∗ 2(ŷ –y) = 2(ŷ –y) (1.35)

Here we have made use of the fact that gout = ∂J
∂xout

= ∂J
∂J = 1, since the output of the loss

layer is the cost J.
So, the backward signal sent by the L2 loss layer is a row vector of per-dimension errors

between the prediction and the target.
This completes our derivation of forward and backward for a L2 loss layer, yielding

figure 1.14.



i
i

i
i

i
i

i
i

10 Draft of Foundations of Computer Vision by Torralba, Isola, Freeman

Figure 1.14: L2 loss layer
forward and backward

L2 loss layer
forward and backward

J = ‖ŷ –y‖2
2

gin = 2(ŷ –y)

ŷ,y

gin 1

J

1.6.4 Putting It All Together: Backpropagation through an MLP
Let’s see what happens when we put all these operations together in an MLP. We will start
with the MLP in figure 1.1. For simplicity, we will omit biases. Let x be four-dimensional
and z and h be three-dimensional, and ŷ be two-dimensional. The forward pass for this
network is shown below in figure 1.15.

Figure 1.15: Forward
pass through an MLP.

linear relu linear L2 lossx z h ŷ J

z
=

W1 x ŷ
=

W2 h
h= relu(z) J = ‖ŷ –y‖2

2

For the backward pass, we will here make a slight change in convention, which will
clarify an interesting connection between the forward and backward directions. Rather than
representing gradients g as row vectors, we will transpose them and treat them as column
vectors. The backward operation for transposed vectors follows from the matrix identity
that (AB)T =BTAT:

gT
in = (goutW)T =WTgT

out (1.36)

Now we will draw the backward pass, using these transposed g’s, in figure 1.16.

Figure 1.16: Backward
pass through an MLP.

linear relu linear L2 lossgT
4 gT

3 gT
2 gT

1 1

gT
4

=
WT

1 gT
3 gT

3
=

H′T gT
2

a 0 0
0 b 0
0 0 c

gT
2

=
WT

2 g
T
1 gT

1
=
2(ŷ –y)1

This reveals an interesting connection between forward and backward for linear lay-
ers: backward for a linear layer is the same operation as forward, just with the weights
transposed! We have omitted the bias terms here, but recall from equation (1.18) that the
backward pass to the activations ignores biases anyway.

In contrast, the relu layer is not a relu on the backward pass. Instead, it becomes a sort
of gating matrix, parameterized by functions of the activations from the forward pass (a,
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b, and c). This matrix is all zeros except for ones on the diagonal where the activation was
nonnegative. This layer acts to mask out gradients for variables on the negative side of the
relu. Notice that this operation is a matrix multiply — in fact, all backward operations
are matrix multiplies, no matter what the forward operation might be, as you can observe
in algorithm 1.1.

In the diagrams above, we have not yet included the computation of the parameter gradi-
ents. At each step of the backward pass, these are computed as an outerproduct between the
activations input to that layer, xin, and the gradients being sent back, gout (see figure 1.9).

1.6.5 Forward-Backward Is Just a Bigger Neural Network
In the previous section we saw that the backward pass through an neural network can itself
be implemented as another neural network, which is in fact a linear network with parameters
determined by the weight matrices of the original network as well as by the activations in the
original network. Therefore, the full backward pass is a neural network! Since the forward
pass is also a neural network (the original network), the full backpropagation algorithm, a
forward pass followed by a backward pass, can be viewed as just one big neural network.
The parameter gradients can be computed from this network via one additional matrix
multiply (matmul) for each layer of the layer of the backward network. The full network,
for a three-layer MLP, is shown in figure 1.17.
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li
ne

ar
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li
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ar

@L
@✓2

<latexit sha1_base64="OLtIa/SBijvR6kMHtWCSv4co7Hw=">AAACF3icbVC7SgNBFJ2NrxhfUUubwSBYhd0gaBm0sbCIYB6QDeHuZDYZMvtg5q4Qlv0LG3/FxkIRW+38G2eTFDHxwMDhnHvv3Hu8WAqNtv1jFdbWNza3itulnd29/YPy4VFLR4livMkiGamOB5pLEfImCpS8EysOgSd52xvf5H77kSstovABJzHvBTAMhS8YoJH65arrK2CpG4NCAZK6AeCIgUzvsmxBxRFH6NeyfrliV+0p6Cpx5qRC5mj0y9/uIGJJwENkErTuOnaMvTSfyyTPSm6ieQxsDEPeNTSEgOteOr0ro2dGGVA/UuaFSKfqYkcKgdaTwDOV+dp62cvF/7xugv5VLxVhnCAP2ewjP5EUI5qHRAdCcYZyYggwJcyulI3ABIUmypIJwVk+eZW0alXHrjr3F5X69TyOIjkhp+ScOOSS1MktaZAmYeSJvJA38m49W6/Wh/U5Ky1Y855j8gfW1y9qf6Cu</latexit><latexit sha1_base64="ZxdiDtofzCPpz3Yd/y7oQYTnTHQ=">AAACPHicjVC7SgNBFJ2NrxhfUUubwSBYhd0gaBm0sbBQMA/IhnB3MpsMmX0wc1cIy/6FX2Nh4x/Y2duI2Fo7m6SIiYUHBg7n3Mudc7xYCo22/WYVVlbX1jeKm6Wt7Z3dvfL+QVNHiWK8wSIZqbYHmksR8gYKlLwdKw6BJ3nLG13lfuuBKy2i8B7HMe8GMAiFLxigkXrlqusrYKkbg0IBkroB4JCBTG+ybE7FIUfo1bJeuWJX7QnoMnFmpEJm+N94r/zq9iOWBDxEJkHrjmPH2E3z40zyrOQmmsfARjDgHUNDCLjuppPwGT0xSp/6kTIvRDpR5zdSCLQeB56ZzLPpRS8X//I6CfoX3VSEcYI8ZNNDfiIpRjRvkvaF4gzl2BBgSpi/UjYE0yaavksmurMYdJk0a1XHrjp3Z5X65ayzIjkix+SUOOSc1Mk1uSUNwsgjeSIv5MN6tt6tT+trOlqwZjuH5Bes7x9tAKgn</latexit><latexit sha1_base64="ZxdiDtofzCPpz3Yd/y7oQYTnTHQ=">AAACPHicjVC7SgNBFJ2NrxhfUUubwSBYhd0gaBm0sbBQMA/IhnB3MpsMmX0wc1cIy/6FX2Nh4x/Y2duI2Fo7m6SIiYUHBg7n3Mudc7xYCo22/WYVVlbX1jeKm6Wt7Z3dvfL+QVNHiWK8wSIZqbYHmksR8gYKlLwdKw6BJ3nLG13lfuuBKy2i8B7HMe8GMAiFLxigkXrlqusrYKkbg0IBkroB4JCBTG+ybE7FIUfo1bJeuWJX7QnoMnFmpEJm+N94r/zq9iOWBDxEJkHrjmPH2E3z40zyrOQmmsfARjDgHUNDCLjuppPwGT0xSp/6kTIvRDpR5zdSCLQeB56ZzLPpRS8X//I6CfoX3VSEcYI8ZNNDfiIpRjRvkvaF4gzl2BBgSpi/UjYE0yaavksmurMYdJk0a1XHrjp3Z5X65ayzIjkix+SUOOSc1Mk1uSUNwsgjeSIv5MN6tt6tT+trOlqwZjuH5Bes7x9tAKgn</latexit><latexit sha1_base64="ZxdiDtofzCPpz3Yd/y7oQYTnTHQ=">AAACPHicjVC7SgNBFJ2NrxhfUUubwSBYhd0gaBm0sbBQMA/IhnB3MpsMmX0wc1cIy/6FX2Nh4x/Y2duI2Fo7m6SIiYUHBg7n3Mudc7xYCo22/WYVVlbX1jeKm6Wt7Z3dvfL+QVNHiWK8wSIZqbYHmksR8gYKlLwdKw6BJ3nLG13lfuuBKy2i8B7HMe8GMAiFLxigkXrlqusrYKkbg0IBkroB4JCBTG+ybE7FIUfo1bJeuWJX7QnoMnFmpEJm+N94r/zq9iOWBDxEJkHrjmPH2E3z40zyrOQmmsfARjDgHUNDCLjuppPwGT0xSp/6kTIvRDpR5zdSCLQeB56ZzLPpRS8X//I6CfoX3VSEcYI8ZNNDfiIpRjRvkvaF4gzl2BBgSpi/UjYE0yaavksmurMYdJk0a1XHrjp3Z5X65ayzIjkix+SUOOSc1Mk1uSUNwsgjeSIv5MN6tt6tT+trOlqwZjuH5Bes7x9tAKgn</latexit>
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ne

ar
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ne

ar

li
ne

ar

W1
<latexit sha1_base64="ULVvVePFmvgO9Tgbb0e+uacsitA=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9CEMplO2qGTSZi5EUrob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEqRQGXffbWVvf2NzaruxUd/f2Dw5rR8cdk2Sa8TZLZKJ7ITVcCsXbKFDyXqo5jUPJu+HkrvC7T1wbkahHnKY8iOlIiUgwilby/ZjiOIzy7mzgDWp1t+HOQVaJV5I6lGgNal/+MGFZzBUySY3pe26KQU41Cib5rOpnhqeUTeiI9y1VNOYmyOeZZ+TcKkMSJdo+hWSu/t7IaWzMNA7tZJHRLHuF+J/XzzC6CXKh0gy5YotDUSYJJqQogAyF5gzl1BLKtLBZCRtTTRnamqq2BG/5y6ukc9nw3Ib3cFVv3pZ1VOAUzuACPLiGJtxDC9rAIIVneIU3J3NenHfnYzG65pQ7J/AHzucP9+qRnw==</latexit><latexit sha1_base64="4z4dbRoOmJz/GV5K0AVydCVXcfU=">AAACGHicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD8iGMDu5mwyZnV1mZoWw5DcsbPwVGxHbdP6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+c0tr6xuZWebuys7u3f1A9PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHyb++0nVJrH8tFMEuxFdCh5yBk1VvL9iJpREGbtad/rV2tu3Z2DrBKvIDUo8L/xfnXmD2KWRigNE1TrrucmppdRZTgTOK34qcaEsjEdYtdSSSPUvWwebErOrDIgYazsk4bM1Z8bGY20nkSBncyD6GUvF//yuqkJr3sZl0lqULLFoTAVxMQkb4kMuEJmxMQSyhS3fyVsRBVlxnZZsdG95aCrpHVR99y693BZa9wUnZXhBE7hHDy4ggbcwT00gUECz/AK786L8+Z8OJ+L0ZJT7BzDLzizb/v2mRg=</latexit><latexit sha1_base64="4z4dbRoOmJz/GV5K0AVydCVXcfU=">AAACGHicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD8iGMDu5mwyZnV1mZoWw5DcsbPwVGxHbdP6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+c0tr6xuZWebuys7u3f1A9PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHyb++0nVJrH8tFMEuxFdCh5yBk1VvL9iJpREGbtad/rV2tu3Z2DrBKvIDUo8L/xfnXmD2KWRigNE1TrrucmppdRZTgTOK34qcaEsjEdYtdSSSPUvWwebErOrDIgYazsk4bM1Z8bGY20nkSBncyD6GUvF//yuqkJr3sZl0lqULLFoTAVxMQkb4kMuEJmxMQSyhS3fyVsRBVlxnZZsdG95aCrpHVR99y693BZa9wUnZXhBE7hHDy4ggbcwT00gUECz/AK786L8+Z8OJ+L0ZJT7BzDLzizb/v2mRg=</latexit><latexit sha1_base64="4z4dbRoOmJz/GV5K0AVydCVXcfU=">AAACGHicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD8iGMDu5mwyZnV1mZoWw5DcsbPwVGxHbdP6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+c0tr6xuZWebuys7u3f1A9PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHyb++0nVJrH8tFMEuxFdCh5yBk1VvL9iJpREGbtad/rV2tu3Z2DrBKvIDUo8L/xfnXmD2KWRigNE1TrrucmppdRZTgTOK34qcaEsjEdYtdSSSPUvWwebErOrDIgYazsk4bM1Z8bGY20nkSBncyD6GUvF//yuqkJr3sZl0lqULLFoTAVxMQkb4kMuEJmxMQSyhS3fyVsRBVlxnZZsdG95aCrpHVR99y693BZa9wUnZXhBE7hHDy4ggbcwT00gUECz/AK786L8+Z8OJ+L0ZJT7BzDLzizb/v2mRg=</latexit>

W1
<latexit sha1_base64="ULVvVePFmvgO9Tgbb0e+uacsitA=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9CEMplO2qGTSZi5EUrob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEqRQGXffbWVvf2NzaruxUd/f2Dw5rR8cdk2Sa8TZLZKJ7ITVcCsXbKFDyXqo5jUPJu+HkrvC7T1wbkahHnKY8iOlIiUgwilby/ZjiOIzy7mzgDWp1t+HOQVaJV5I6lGgNal/+MGFZzBUySY3pe26KQU41Cib5rOpnhqeUTeiI9y1VNOYmyOeZZ+TcKkMSJdo+hWSu/t7IaWzMNA7tZJHRLHuF+J/XzzC6CXKh0gy5YotDUSYJJqQogAyF5gzl1BLKtLBZCRtTTRnamqq2BG/5y6ukc9nw3Ib3cFVv3pZ1VOAUzuACPLiGJtxDC9rAIIVneIU3J3NenHfnYzG65pQ7J/AHzucP9+qRnw==</latexit><latexit sha1_base64="4z4dbRoOmJz/GV5K0AVydCVXcfU=">AAACGHicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD8iGMDu5mwyZnV1mZoWw5DcsbPwVGxHbdP6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+c0tr6xuZWebuys7u3f1A9PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHyb++0nVJrH8tFMEuxFdCh5yBk1VvL9iJpREGbtad/rV2tu3Z2DrBKvIDUo8L/xfnXmD2KWRigNE1TrrucmppdRZTgTOK34qcaEsjEdYtdSSSPUvWwebErOrDIgYazsk4bM1Z8bGY20nkSBncyD6GUvF//yuqkJr3sZl0lqULLFoTAVxMQkb4kMuEJmxMQSyhS3fyVsRBVlxnZZsdG95aCrpHVR99y693BZa9wUnZXhBE7hHDy4ggbcwT00gUECz/AK786L8+Z8OJ+L0ZJT7BzDLzizb/v2mRg=</latexit><latexit sha1_base64="4z4dbRoOmJz/GV5K0AVydCVXcfU=">AAACGHicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD8iGMDu5mwyZnV1mZoWw5DcsbPwVGxHbdP6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+c0tr6xuZWebuys7u3f1A9PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHyb++0nVJrH8tFMEuxFdCh5yBk1VvL9iJpREGbtad/rV2tu3Z2DrBKvIDUo8L/xfnXmD2KWRigNE1TrrucmppdRZTgTOK34qcaEsjEdYtdSSSPUvWwebErOrDIgYazsk4bM1Z8bGY20nkSBncyD6GUvF//yuqkJr3sZl0lqULLFoTAVxMQkb4kMuEJmxMQSyhS3fyVsRBVlxnZZsdG95aCrpHVR99y693BZa9wUnZXhBE7hHDy4ggbcwT00gUECz/AK786L8+Z8OJ+L0ZJT7BzDLzizb/v2mRg=</latexit><latexit sha1_base64="4z4dbRoOmJz/GV5K0AVydCVXcfU=">AAACGHicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD8iGMDu5mwyZnV1mZoWw5DcsbPwVGxHbdP6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+c0tr6xuZWebuys7u3f1A9PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHyb++0nVJrH8tFMEuxFdCh5yBk1VvL9iJpREGbtad/rV2tu3Z2DrBKvIDUo8L/xfnXmD2KWRigNE1TrrucmppdRZTgTOK34qcaEsjEdYtdSSSPUvWwebErOrDIgYazsk4bM1Z8bGY20nkSBncyD6GUvF//yuqkJr3sZl0lqULLFoTAVxMQkb4kMuEJmxMQSyhS3fyVsRBVlxnZZsdG95aCrpHVR99y693BZa9wUnZXhBE7hHDy4ggbcwT00gUECz/AK786L8+Z8OJ+L0ZJT7BzDLzizb/v2mRg=</latexit>

W1
<latexit sha1_base64="ULVvVePFmvgO9Tgbb0e+uacsitA=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9CEMplO2qGTSZi5EUrob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEqRQGXffbWVvf2NzaruxUd/f2Dw5rR8cdk2Sa8TZLZKJ7ITVcCsXbKFDyXqo5jUPJu+HkrvC7T1wbkahHnKY8iOlIiUgwilby/ZjiOIzy7mzgDWp1t+HOQVaJV5I6lGgNal/+MGFZzBUySY3pe26KQU41Cib5rOpnhqeUTeiI9y1VNOYmyOeZZ+TcKkMSJdo+hWSu/t7IaWzMNA7tZJHRLHuF+J/XzzC6CXKh0gy5YotDUSYJJqQogAyF5gzl1BLKtLBZCRtTTRnamqq2BG/5y6ukc9nw3Ib3cFVv3pZ1VOAUzuACPLiGJtxDC9rAIIVneIU3J3NenHfnYzG65pQ7J/AHzucP9+qRnw==</latexit><latexit sha1_base64="4z4dbRoOmJz/GV5K0AVydCVXcfU=">AAACGHicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD8iGMDu5mwyZnV1mZoWw5DcsbPwVGxHbdP6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+c0tr6xuZWebuys7u3f1A9PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHyb++0nVJrH8tFMEuxFdCh5yBk1VvL9iJpREGbtad/rV2tu3Z2DrBKvIDUo8L/xfnXmD2KWRigNE1TrrucmppdRZTgTOK34qcaEsjEdYtdSSSPUvWwebErOrDIgYazsk4bM1Z8bGY20nkSBncyD6GUvF//yuqkJr3sZl0lqULLFoTAVxMQkb4kMuEJmxMQSyhS3fyVsRBVlxnZZsdG95aCrpHVR99y693BZa9wUnZXhBE7hHDy4ggbcwT00gUECz/AK786L8+Z8OJ+L0ZJT7BzDLzizb/v2mRg=</latexit><latexit sha1_base64="4z4dbRoOmJz/GV5K0AVydCVXcfU=">AAACGHicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD8iGMDu5mwyZnV1mZoWw5DcsbPwVGxHbdP6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+c0tr6xuZWebuys7u3f1A9PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHyb++0nVJrH8tFMEuxFdCh5yBk1VvL9iJpREGbtad/rV2tu3Z2DrBKvIDUo8L/xfnXmD2KWRigNE1TrrucmppdRZTgTOK34qcaEsjEdYtdSSSPUvWwebErOrDIgYazsk4bM1Z8bGY20nkSBncyD6GUvF//yuqkJr3sZl0lqULLFoTAVxMQkb4kMuEJmxMQSyhS3fyVsRBVlxnZZsdG95aCrpHVR99y693BZa9wUnZXhBE7hHDy4ggbcwT00gUECz/AK786L8+Z8OJ+L0ZJT7BzDLzizb/v2mRg=</latexit><latexit sha1_base64="4z4dbRoOmJz/GV5K0AVydCVXcfU=">AAACGHicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD8iGMDu5mwyZnV1mZoWw5DcsbPwVGxHbdP6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+c0tr6xuZWebuys7u3f1A9PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHyb++0nVJrH8tFMEuxFdCh5yBk1VvL9iJpREGbtad/rV2tu3Z2DrBKvIDUo8L/xfnXmD2KWRigNE1TrrucmppdRZTgTOK34qcaEsjEdYtdSSSPUvWwebErOrDIgYazsk4bM1Z8bGY20nkSBncyD6GUvF//yuqkJr3sZl0lqULLFoTAVxMQkb4kMuEJmxMQSyhS3fyVsRBVlxnZZsdG95aCrpHVR99y693BZa9wUnZXhBE7hHDy4ggbcwT00gUECz/AK786L8+Z8OJ+L0ZJT7BzDLzizb/v2mRg=</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="+lyMSO9EK69XAUhR2GNVBXylxmE=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqeP1yxa26c5BV4uWkAjn+F++XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfza+ZkjOrDEgYK/ukIXP150RGI60nUWCTETUjvezNxL+8bmrCKz/jMkkNSrZYFKaCmJjMqiEDrpAZMbGEMsXtXwkbUUWZsQWW7One8qGrpHVR9dyq17is1K/zzopwAqdwDh7UoA63cAdNYIDwCM/w6jw5L86b876IFpx85hh+wfn4BtcXlC4=</latexit><latexit sha1_base64="+lyMSO9EK69XAUhR2GNVBXylxmE=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqeP1yxa26c5BV4uWkAjn+F++XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfza+ZkjOrDEgYK/ukIXP150RGI60nUWCTETUjvezNxL+8bmrCKz/jMkkNSrZYFKaCmJjMqiEDrpAZMbGEMsXtXwkbUUWZsQWW7One8qGrpHVR9dyq17is1K/zzopwAqdwDh7UoA63cAdNYIDwCM/w6jw5L86b876IFpx85hh+wfn4BtcXlC4=</latexit><latexit sha1_base64="+lyMSO9EK69XAUhR2GNVBXylxmE=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqeP1yxa26c5BV4uWkAjn+F++XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfza+ZkjOrDEgYK/ukIXP150RGI60nUWCTETUjvezNxL+8bmrCKz/jMkkNSrZYFKaCmJjMqiEDrpAZMbGEMsXtXwkbUUWZsQWW7One8qGrpHVR9dyq17is1K/zzopwAqdwDh7UoA63cAdNYIDwCM/w6jw5L86b876IFpx85hh+wfn4BtcXlC4=</latexit>
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1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="+lyMSO9EK69XAUhR2GNVBXylxmE=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqeP1yxa26c5BV4uWkAjn+F++XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfza+ZkjOrDEgYK/ukIXP150RGI60nUWCTETUjvezNxL+8bmrCKz/jMkkNSrZYFKaCmJjMqiEDrpAZMbGEMsXtXwkbUUWZsQWW7One8qGrpHVR9dyq17is1K/zzopwAqdwDh7UoA63cAdNYIDwCM/w6jw5L86b876IFpx85hh+wfn4BtcXlC4=</latexit><latexit sha1_base64="+lyMSO9EK69XAUhR2GNVBXylxmE=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqeP1yxa26c5BV4uWkAjn+F++XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfza+ZkjOrDEgYK/ukIXP150RGI60nUWCTETUjvezNxL+8bmrCKz/jMkkNSrZYFKaCmJjMqiEDrpAZMbGEMsXtXwkbUUWZsQWW7One8qGrpHVR9dyq17is1K/zzopwAqdwDh7UoA63cAdNYIDwCM/w6jw5L86b876IFpx85hh+wfn4BtcXlC4=</latexit><latexit sha1_base64="+lyMSO9EK69XAUhR2GNVBXylxmE=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqeP1yxa26c5BV4uWkAjn+F++XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfza+ZkjOrDEgYK/ukIXP150RGI60nUWCTETUjvezNxL+8bmrCKz/jMkkNSrZYFKaCmJjMqiEDrpAZMbGEMsXtXwkbUUWZsQWW7One8qGrpHVR9dyq17is1K/zzopwAqdwDh7UoA63cAdNYIDwCM/w6jw5L86b876IFpx85hh+wfn4BtcXlC4=</latexit>

J
<latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit><latexit sha1_base64="gC1TdVZAitJIwcbY3vXysa0Vu3s=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0ESsD5gHJEmYnd5Mhs7PLzKwQlnyBhY2/YiNia2/n3zhJttDEwgMDh3PO5c49QSK4Nq775RRWVtfWN4qbpa3tnd298v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekCleSzvzThBP6IDyUPOqLFS/bZXrrhVdwayTLycVCDH/+K98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9k1E3JilT4JY2WfNGSm/pzIaKT1OApsMqJmqBe9qfiX10lNeOlnXCapQcnmi8JUEBOTaTWkzxUyI8aWUKa4/SthQ6ooM7bAkj3dWzx0mTTPqp5b9ernldpV3lkRjuAYTsGDC6jBDdxBAxggPMIzvDpPzovz5rzPowUnnzmEX3A+vgEAp5RH</latexit><latexit sha1_base64="gC1TdVZAitJIwcbY3vXysa0Vu3s=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0ESsD5gHJEmYnd5Mhs7PLzKwQlnyBhY2/YiNia2/n3zhJttDEwgMDh3PO5c49QSK4Nq775RRWVtfWN4qbpa3tnd298v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekCleSzvzThBP6IDyUPOqLFS/bZXrrhVdwayTLycVCDH/+K98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9k1E3JilT4JY2WfNGSm/pzIaKT1OApsMqJmqBe9qfiX10lNeOlnXCapQcnmi8JUEBOTaTWkzxUyI8aWUKa4/SthQ6ooM7bAkj3dWzx0mTTPqp5b9ernldpV3lkRjuAYTsGDC6jBDdxBAxggPMIzvDpPzovz5rzPowUnnzmEX3A+vgEAp5RH</latexit><latexit sha1_base64="gC1TdVZAitJIwcbY3vXysa0Vu3s=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0ESsD5gHJEmYnd5Mhs7PLzKwQlnyBhY2/YiNia2/n3zhJttDEwgMDh3PO5c49QSK4Nq775RRWVtfWN4qbpa3tnd298v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekCleSzvzThBP6IDyUPOqLFS/bZXrrhVdwayTLycVCDH/+K98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9k1E3JilT4JY2WfNGSm/pzIaKT1OApsMqJmqBe9qfiX10lNeOlnXCapQcnmi8JUEBOTaTWkzxUyI8aWUKa4/SthQ6ooM7bAkj3dWzx0mTTPqp5b9ernldpV3lkRjuAYTsGDC6jBDdxBAxggPMIzvDpPzovz5rzPowUnnzmEX3A+vgEAp5RH</latexit>

W1
<latexit sha1_base64="ULVvVePFmvgO9Tgbb0e+uacsitA=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9CEMplO2qGTSZi5EUrob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEqRQGXffbWVvf2NzaruxUd/f2Dw5rR8cdk2Sa8TZLZKJ7ITVcCsXbKFDyXqo5jUPJu+HkrvC7T1wbkahHnKY8iOlIiUgwilby/ZjiOIzy7mzgDWp1t+HOQVaJV5I6lGgNal/+MGFZzBUySY3pe26KQU41Cib5rOpnhqeUTeiI9y1VNOYmyOeZZ+TcKkMSJdo+hWSu/t7IaWzMNA7tZJHRLHuF+J/XzzC6CXKh0gy5YotDUSYJJqQogAyF5gzl1BLKtLBZCRtTTRnamqq2BG/5y6ukc9nw3Ib3cFVv3pZ1VOAUzuACPLiGJtxDC9rAIIVneIU3J3NenHfnYzG65pQ7J/AHzucP9+qRnw==</latexit><latexit sha1_base64="4z4dbRoOmJz/GV5K0AVydCVXcfU=">AAACGHicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD8iGMDu5mwyZnV1mZoWw5DcsbPwVGxHbdP6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+c0tr6xuZWebuys7u3f1A9PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHyb++0nVJrH8tFMEuxFdCh5yBk1VvL9iJpREGbtad/rV2tu3Z2DrBKvIDUo8L/xfnXmD2KWRigNE1TrrucmppdRZTgTOK34qcaEsjEdYtdSSSPUvWwebErOrDIgYazsk4bM1Z8bGY20nkSBncyD6GUvF//yuqkJr3sZl0lqULLFoTAVxMQkb4kMuEJmxMQSyhS3fyVsRBVlxnZZsdG95aCrpHVR99y693BZa9wUnZXhBE7hHDy4ggbcwT00gUECz/AK786L8+Z8OJ+L0ZJT7BzDLzizb/v2mRg=</latexit><latexit sha1_base64="4z4dbRoOmJz/GV5K0AVydCVXcfU=">AAACGHicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD8iGMDu5mwyZnV1mZoWw5DcsbPwVGxHbdP6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+c0tr6xuZWebuys7u3f1A9PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHyb++0nVJrH8tFMEuxFdCh5yBk1VvL9iJpREGbtad/rV2tu3Z2DrBKvIDUo8L/xfnXmD2KWRigNE1TrrucmppdRZTgTOK34qcaEsjEdYtdSSSPUvWwebErOrDIgYazsk4bM1Z8bGY20nkSBncyD6GUvF//yuqkJr3sZl0lqULLFoTAVxMQkb4kMuEJmxMQSyhS3fyVsRBVlxnZZsdG95aCrpHVR99y693BZa9wUnZXhBE7hHDy4ggbcwT00gUECz/AK786L8+Z8OJ+L0ZJT7BzDLzizb/v2mRg=</latexit><latexit sha1_base64="4z4dbRoOmJz/GV5K0AVydCVXcfU=">AAACGHicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD8iGMDu5mwyZnV1mZoWw5DcsbPwVGxHbdP6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+c0tr6xuZWebuys7u3f1A9PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHyb++0nVJrH8tFMEuxFdCh5yBk1VvL9iJpREGbtad/rV2tu3Z2DrBKvIDUo8L/xfnXmD2KWRigNE1TrrucmppdRZTgTOK34qcaEsjEdYtdSSSPUvWwebErOrDIgYazsk4bM1Z8bGY20nkSBncyD6GUvF//yuqkJr3sZl0lqULLFoTAVxMQkb4kMuEJmxMQSyhS3fyVsRBVlxnZZsdG95aCrpHVR99y693BZa9wUnZXhBE7hHDy4ggbcwT00gUECz/AK786L8+Z8OJ+L0ZJT7BzDLzizb/v2mRg=</latexit>

W2
<latexit sha1_base64="Acb6QKoElIZCeSfz1Ai7rlVLd08=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcsK9gFNKZPppB06mYSZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhg4iOlQgFo2gl348oToIw686HjWG15tbdBcg68QpSgwKtYfXLH8UsjbhCJqkxfc9NcJBRjYJJPq/4qeEJZVM65n1LFY24GWSLzHNyYZURCWNtn0KyUH9vZDQyZhYFdjLPaFa9XPzP66cY3gwyoZIUuWLLQ2EqCcYkL4CMhOYM5cwSyrSwWQmbUE0Z2poqtgRv9cvrpNOoe27de7iqNW+LOspwBudwCR5cQxPuoQVtYJDAM7zCm5M6L86787EcLTnFzin8gfP5A/lukaA=</latexit><latexit sha1_base64="V2AHsvhIPHrrBYamKpB3tpUDsa8=">AAACGHicjVC7SgNBFL3rM8ZX1NJmMAhWYTcIWgZtLBXMA7IhzE5mkyGzs8vMXSEs+Q0LG3/FRsQ2nX/jbLKFJhYeGDiccy93zgkSKQy67peztr6xubVd2inv7u0fHFaOjlsmTjXjTRbLWHcCargUijdRoOSdRHMaBZK3g/Ft7refuDYiVo84SXgvokMlQsEoWsn3I4qjIMza0369X6m6NXcOskq8glShwP/G+5WZP4hZGnGFTFJjup6bYC+jGgWTfFr2U8MTysZ0yLuWKhpx08vmwabk3CoDEsbaPoVkrv7cyGhkzCQK7GQexCx7ufiX100xvO5lQiUpcsUWh8JUEoxJ3hIZCM0ZyokllGlh/0rYiGrK0HZZttG95aCrpFWveW7Ne7isNm6KzkpwCmdwAR5cQQPu4B6awCCBZ3iFd+fFeXM+nM/F6JpT7JzALzizb/2fmRk=</latexit><latexit sha1_base64="V2AHsvhIPHrrBYamKpB3tpUDsa8=">AAACGHicjVC7SgNBFL3rM8ZX1NJmMAhWYTcIWgZtLBXMA7IhzE5mkyGzs8vMXSEs+Q0LG3/FRsQ2nX/jbLKFJhYeGDiccy93zgkSKQy67peztr6xubVd2inv7u0fHFaOjlsmTjXjTRbLWHcCargUijdRoOSdRHMaBZK3g/Ft7refuDYiVo84SXgvokMlQsEoWsn3I4qjIMza0369X6m6NXcOskq8glShwP/G+5WZP4hZGnGFTFJjup6bYC+jGgWTfFr2U8MTysZ0yLuWKhpx08vmwabk3CoDEsbaPoVkrv7cyGhkzCQK7GQexCx7ufiX100xvO5lQiUpcsUWh8JUEoxJ3hIZCM0ZyokllGlh/0rYiGrK0HZZttG95aCrpFWveW7Ne7isNm6KzkpwCmdwAR5cQQPu4B6awCCBZ3iFd+fFeXM+nM/F6JpT7JzALzizb/2fmRk=</latexit><latexit sha1_base64="V2AHsvhIPHrrBYamKpB3tpUDsa8=">AAACGHicjVC7SgNBFL3rM8ZX1NJmMAhWYTcIWgZtLBXMA7IhzE5mkyGzs8vMXSEs+Q0LG3/FRsQ2nX/jbLKFJhYeGDiccy93zgkSKQy67peztr6xubVd2inv7u0fHFaOjlsmTjXjTRbLWHcCargUijdRoOSdRHMaBZK3g/Ft7refuDYiVo84SXgvokMlQsEoWsn3I4qjIMza0369X6m6NXcOskq8glShwP/G+5WZP4hZGnGFTFJjup6bYC+jGgWTfFr2U8MTysZ0yLuWKhpx08vmwabk3CoDEsbaPoVkrv7cyGhkzCQK7GQexCx7ufiX100xvO5lQiUpcsUWh8JUEoxJ3hIZCM0ZyokllGlh/0rYiGrK0HZZttG95aCrpFWveW7Ne7isNm6KzkpwCmdwAR5cQQPu4B6awCCBZ3iFd+fFeXM+nM/F6JpT7JzALzizb/2fmRk=</latexit>

W3
<latexit sha1_base64="JKfCkzso0ksabTFMrwueW1FQh0s=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjlnWn/sl+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R99y693BVa9wWdZThBE7hHDy4hgbcQxNawCCFZ3iFNydzXpx352MxWnKKnWP4A+fzB/rykaE=</latexit><latexit sha1_base64="BHbFSpd5GV7yN9u/+9MmcRROwUo=">AAACGHicjVC7SgNBFL3rM8ZX1NJmMAhWYVcFLYM2lgrmAdkQZiezyZDZ2WXmrhCW/IaFjb9iI2Kbzr9xNtlCEwsPDBzOuZc75wSJFAZd98tZWV1b39gsbZW3d3b39isHh00Tp5rxBotlrNsBNVwKxRsoUPJ2ojmNAslbweg291tPXBsRq0ccJ7wb0YESoWAUreT7EcVhEGatSe+iV6m6NXcGsky8glShwP/Ge5Wp349ZGnGFTFJjOp6bYDejGgWTfFL2U8MTykZ0wDuWKhpx081mwSbk1Cp9EsbaPoVkpv7cyGhkzDgK7GQexCx6ufiX10kxvO5mQiUpcsXmh8JUEoxJ3hLpC80ZyrEllGlh/0rYkGrK0HZZttG9xaDLpHle89ya93BZrd8UnZXgGE7gDDy4gjrcwT00gEECz/AK786L8+Z8OJ/z0RWn2DmCX3Cm3/9ImRo=</latexit><latexit sha1_base64="BHbFSpd5GV7yN9u/+9MmcRROwUo=">AAACGHicjVC7SgNBFL3rM8ZX1NJmMAhWYVcFLYM2lgrmAdkQZiezyZDZ2WXmrhCW/IaFjb9iI2Kbzr9xNtlCEwsPDBzOuZc75wSJFAZd98tZWV1b39gsbZW3d3b39isHh00Tp5rxBotlrNsBNVwKxRsoUPJ2ojmNAslbweg291tPXBsRq0ccJ7wb0YESoWAUreT7EcVhEGatSe+iV6m6NXcGsky8glShwP/Ge5Wp349ZGnGFTFJjOp6bYDejGgWTfFL2U8MTykZ0wDuWKhpx081mwSbk1Cp9EsbaPoVkpv7cyGhkzDgK7GQexCx6ufiX10kxvO5mQiUpcsXmh8JUEoxJ3hLpC80ZyrEllGlh/0rYkGrK0HZZttG9xaDLpHle89ya93BZrd8UnZXgGE7gDDy4gjrcwT00gEECz/AK786L8+Z8OJ/z0RWn2DmCX3Cm3/9ImRo=</latexit><latexit sha1_base64="BHbFSpd5GV7yN9u/+9MmcRROwUo=">AAACGHicjVC7SgNBFL3rM8ZX1NJmMAhWYVcFLYM2lgrmAdkQZiezyZDZ2WXmrhCW/IaFjb9iI2Kbzr9xNtlCEwsPDBzOuZc75wSJFAZd98tZWV1b39gsbZW3d3b39isHh00Tp5rxBotlrNsBNVwKxRsoUPJ2ojmNAslbweg291tPXBsRq0ccJ7wb0YESoWAUreT7EcVhEGatSe+iV6m6NXcGsky8glShwP/Ge5Wp349ZGnGFTFJjOp6bYDejGgWTfFL2U8MTykZ0wDuWKhpx081mwSbk1Cp9EsbaPoVkpv7cyGhkzDgK7GQexCx6ufiX10kxvO5mQiUpcsXmh8JUEoxJ3hLpC80ZyrEllGlh/0rYkGrK0HZZttG9xaDLpHle89ya93BZrd8UnZXgGE7gDDy4gjrcwT00gEECz/AK786L8+Z8OJ/z0RWn2DmCX3Cm3/9ImRo=</latexit>

x<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>

y
<latexit sha1_base64="w2SeowxjSmKQZ+WPP4dmP+ztLQA=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhNp0NqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/myeekTOrDEkYa/sUkrn6eyOjkTHTKLCTeUKz7OXif14vxfDaz4RKUuSKLT4KU0kwJvn5ZCg0ZyinllCmhc1K2JhqytCWVLEleMsnr5L2Rd1z6979Za1xU9RRhhM4hXPw4AoacAdNaAEDBc/wCm+OcV6cd+djMVpyip1j+APn8wf+vpEd</latexit><latexit sha1_base64="02ggfyILRRLkqGm5VO3XB99zGJA=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmgckSZid3kyGzs8vMrBCW/IWFjb9iI2Irdv6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+cpeWV1bX10kZ5c2t7Z7eyt9/UcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwegq91sPqDSP5Z0ZJ+hHdCB5yBk1VrrvRtQMgzAbT3qVqltzpyCLxCtIFQr8b7xX+ez2Y5ZGKA0TVOuO5ybGz6gynAmclLupxoSyER1gx1JJI9R+No01IcdW6ZMwVvZJQ6bqz42MRlqPo8BO5jH0vJeLf3md1IQXfsZlkhqUbHYoTAUxMck7In2ukBkxtoQyxe1fCRtSRZmxTZZtdG8+6CJpntY8t+bdnlXrl0VnJTiEIzgBD86hDtdwAw1gIOERnuHVeXJenDfnfTa65BQ7B/ALzsc38pqYlg==</latexit><latexit sha1_base64="02ggfyILRRLkqGm5VO3XB99zGJA=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmgckSZid3kyGzs8vMrBCW/IWFjb9iI2Irdv6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+cpeWV1bX10kZ5c2t7Z7eyt9/UcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwegq91sPqDSP5Z0ZJ+hHdCB5yBk1VrrvRtQMgzAbT3qVqltzpyCLxCtIFQr8b7xX+ez2Y5ZGKA0TVOuO5ybGz6gynAmclLupxoSyER1gx1JJI9R+No01IcdW6ZMwVvZJQ6bqz42MRlqPo8BO5jH0vJeLf3md1IQXfsZlkhqUbHYoTAUxMck7In2ukBkxtoQyxe1fCRtSRZmxTZZtdG8+6CJpntY8t+bdnlXrl0VnJTiEIzgBD86hDtdwAw1gIOERnuHVeXJenDfnfTa65BQ7B/ALzsc38pqYlg==</latexit><latexit sha1_base64="02ggfyILRRLkqGm5VO3XB99zGJA=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmgckSZid3kyGzs8vMrBCW/IWFjb9iI2Irdv6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+cpeWV1bX10kZ5c2t7Z7eyt9/UcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwegq91sPqDSP5Z0ZJ+hHdCB5yBk1VrrvRtQMgzAbT3qVqltzpyCLxCtIFQr8b7xX+ez2Y5ZGKA0TVOuO5ybGz6gynAmclLupxoSyER1gx1JJI9R+No01IcdW6ZMwVvZJQ6bqz42MRlqPo8BO5jH0vJeLf3md1IQXfsZlkhqUbHYoTAUxMck7In2ukBkxtoQyxe1fCRtSRZmxTZZtdG8+6CJpntY8t+bdnlXrl0VnJTiEIzgBD86hDtdwAw1gIOERnuHVeXJenDfnfTa65BQ7B/ALzsc38pqYlg==</latexit>

@J

@W1
<latexit sha1_base64="kLXSo8rXTdx4kR3r8u5KL3iYAbA=">AAACEXicbVDLSsNAFL2pr1pfUZduBovQVUlE0GXRjbiqYB/QhDCZTtqhkwczE6GE/IIbf8WNC0XcunPn3zhpA2rrgYHDOffeuff4CWdSWdaXUVlZXVvfqG7WtrZ3dvfM/YOujFNBaIfEPBZ9H0vKWUQ7iilO+4mgOPQ57fmTq8Lv3VMhWRzdqWlC3RCPIhYwgpWWPLPhBAKTzEmwUAxzdJP/cCfEauwHWS/37Nwz61bTmgEtE7skdSjR9sxPZxiTNKSRIhxLObCtRLlZMZtwmtecVNIEkwke0YGmEQ6pdLPZRTk60coQBbHQL1Jopv7uyHAo5TT0dWWxpFz0CvE/b5Cq4MLNWJSkikZk/lGQcqRiVMSDhkxQovhUE0wE07siMsY6IqVDrOkQ7MWTl0n3tGlbTfv2rN66LOOowhEcQwNsOIcWXEMbOkDgAZ7gBV6NR+PZeDPe56UVo+w5hD8wPr4BTdKd7A==</latexit><latexit sha1_base64="bPNojVQRYUxLm2vqHeOwsvOCXW4=">AAACNnicjVDLSsNAFL2pr1pfUZduBovQVUlE0GXRjbhSsA9oQphMJ+3QyYOZiVBCfsGvceHGn3Dnxo2IWz/BSRtQWxceGDiccy9zz/ETzqSyrBejsrS8srpWXa9tbG5t75i7ex0Zp4LQNol5LHo+lpSziLYVU5z2EkFx6HPa9ccXhd+9o0KyOLpVk4S6IR5GLGAEKy15ZsMJBCaZk2ChGOboKv/mTojVyA+ybu7ZuWfWraY1BVokdknqUOJ/45757AxikoY0UoRjKfu2lSg3Kw4gnOY1J5U0wWSMh7SvaYRDKt1sGjtHR1oZoCAW+kUKTdWfGxkOpZyEvp4sksh5rxD/8vqpCs7cjEVJqmhEZh8FKUcqRkWHaMAEJYpPNMFEMH0rIiOse1S66ZqObs8HXSSd46ZtNe2bk3rrvOysCgdwCA2w4RRacAnX0AYC9/AAT/BmPBqvxrvxMRutGOXOPvyC8fkF8gilZQ==</latexit><latexit sha1_base64="bPNojVQRYUxLm2vqHeOwsvOCXW4=">AAACNnicjVDLSsNAFL2pr1pfUZduBovQVUlE0GXRjbhSsA9oQphMJ+3QyYOZiVBCfsGvceHGn3Dnxo2IWz/BSRtQWxceGDiccy9zz/ETzqSyrBejsrS8srpWXa9tbG5t75i7ex0Zp4LQNol5LHo+lpSziLYVU5z2EkFx6HPa9ccXhd+9o0KyOLpVk4S6IR5GLGAEKy15ZsMJBCaZk2ChGOboKv/mTojVyA+ybu7ZuWfWraY1BVokdknqUOJ/45757AxikoY0UoRjKfu2lSg3Kw4gnOY1J5U0wWSMh7SvaYRDKt1sGjtHR1oZoCAW+kUKTdWfGxkOpZyEvp4sksh5rxD/8vqpCs7cjEVJqmhEZh8FKUcqRkWHaMAEJYpPNMFEMH0rIiOse1S66ZqObs8HXSSd46ZtNe2bk3rrvOysCgdwCA2w4RRacAnX0AYC9/AAT/BmPBqvxrvxMRutGOXOPvyC8fkF8gilZQ==</latexit><latexit sha1_base64="bPNojVQRYUxLm2vqHeOwsvOCXW4=">AAACNnicjVDLSsNAFL2pr1pfUZduBovQVUlE0GXRjbhSsA9oQphMJ+3QyYOZiVBCfsGvceHGn3Dnxo2IWz/BSRtQWxceGDiccy9zz/ETzqSyrBejsrS8srpWXa9tbG5t75i7ex0Zp4LQNol5LHo+lpSziLYVU5z2EkFx6HPa9ccXhd+9o0KyOLpVk4S6IR5GLGAEKy15ZsMJBCaZk2ChGOboKv/mTojVyA+ybu7ZuWfWraY1BVokdknqUOJ/45757AxikoY0UoRjKfu2lSg3Kw4gnOY1J5U0wWSMh7SvaYRDKt1sGjtHR1oZoCAW+kUKTdWfGxkOpZyEvp4sksh5rxD/8vqpCs7cjEVJqmhEZh8FKUcqRkWHaMAEJYpPNMFEMH0rIiOse1S66ZqObs8HXSSd46ZtNe2bk3rrvOysCgdwCA2w4RRacAnX0AYC9/AAT/BmPBqvxrvxMRutGOXOPvyC8fkF8gilZQ==</latexit>

@J

@W2
<latexit sha1_base64="VSevd/KGNC5+LxLxXXhxHcyYE8c=">AAACEXicbVDLSsNAFL3xWesr6tLNYBG6KkkRdFl0I64q2Ac0IUymk3bo5MHMRCghv+DGX3HjQhG37tz5N07agNp6YOBwzr137j1+wplUlvVlrKyurW9sVraq2zu7e/vmwWFXxqkgtENiHou+jyXlLKIdxRSn/URQHPqc9vzJVeH37qmQLI7u1DShbohHEQsYwUpLnll3AoFJ5iRYKIY5usl/uBNiNfaDrJd7zdwza1bDmgEtE7skNSjR9sxPZxiTNKSRIhxLObCtRLlZMZtwmledVNIEkwke0YGmEQ6pdLPZRTk61coQBbHQL1Jopv7uyHAo5TT0dWWxpFz0CvE/b5Cq4MLNWJSkikZk/lGQcqRiVMSDhkxQovhUE0wE07siMsY6IqVDrOoQ7MWTl0m32bCthn17VmtdlnFU4BhOoA42nEMLrqENHSDwAE/wAq/Go/FsvBnv89IVo+w5gj8wPr4BT1ed7Q==</latexit><latexit sha1_base64="u0GSUa4yvP84tWVTbL392SEmn2E=">AAACNnicjVDLSsNAFL3xWesr6tLNYBG6KkkRdFl0I64U7AOaECbTSTt08mBmIpSQX/BrXLjxJ9y5cSPi1k9w0gbU1oUHBg7n3Mvcc/yEM6ks68VYWl5ZXVuvbFQ3t7Z3ds29/Y6MU0Fom8Q8Fj0fS8pZRNuKKU57iaA49Dnt+uOLwu/eUSFZHN2qSULdEA8jFjCClZY8s+4EApPMSbBQDHN0lX9zJ8Rq5AdZN/eauWfWrIY1BVokdklqUOJ/45757AxikoY0UoRjKfu2lSg3Kw4gnOZVJ5U0wWSMh7SvaYRDKt1sGjtHx1oZoCAW+kUKTdWfGxkOpZyEvp4sksh5rxD/8vqpCs7cjEVJqmhEZh8FKUcqRkWHaMAEJYpPNMFEMH0rIiOse1S66aqObs8HXSSdZsO2GvbNSa11XnZWgUM4gjrYcAotuIRraAOBe3iAJ3gzHo1X4934mI0uGeXOAfyC8fkF87KlZg==</latexit><latexit sha1_base64="u0GSUa4yvP84tWVTbL392SEmn2E=">AAACNnicjVDLSsNAFL3xWesr6tLNYBG6KkkRdFl0I64U7AOaECbTSTt08mBmIpSQX/BrXLjxJ9y5cSPi1k9w0gbU1oUHBg7n3Mvcc/yEM6ks68VYWl5ZXVuvbFQ3t7Z3ds29/Y6MU0Fom8Q8Fj0fS8pZRNuKKU57iaA49Dnt+uOLwu/eUSFZHN2qSULdEA8jFjCClZY8s+4EApPMSbBQDHN0lX9zJ8Rq5AdZN/eauWfWrIY1BVokdklqUOJ/45757AxikoY0UoRjKfu2lSg3Kw4gnOZVJ5U0wWSMh7SvaYRDKt1sGjtHx1oZoCAW+kUKTdWfGxkOpZyEvp4sksh5rxD/8vqpCs7cjEVJqmhEZh8FKUcqRkWHaMAEJYpPNMFEMH0rIiOse1S66aqObs8HXSSdZsO2GvbNSa11XnZWgUM4gjrYcAotuIRraAOBe3iAJ3gzHo1X4934mI0uGeXOAfyC8fkF87KlZg==</latexit><latexit sha1_base64="u0GSUa4yvP84tWVTbL392SEmn2E=">AAACNnicjVDLSsNAFL3xWesr6tLNYBG6KkkRdFl0I64U7AOaECbTSTt08mBmIpSQX/BrXLjxJ9y5cSPi1k9w0gbU1oUHBg7n3Mvcc/yEM6ks68VYWl5ZXVuvbFQ3t7Z3ds29/Y6MU0Fom8Q8Fj0fS8pZRNuKKU57iaA49Dnt+uOLwu/eUSFZHN2qSULdEA8jFjCClZY8s+4EApPMSbBQDHN0lX9zJ8Rq5AdZN/eauWfWrIY1BVokdklqUOJ/45757AxikoY0UoRjKfu2lSg3Kw4gnOZVJ5U0wWSMh7SvaYRDKt1sGjtHx1oZoCAW+kUKTdWfGxkOpZyEvp4sksh5rxD/8vqpCs7cjEVJqmhEZh8FKUcqRkWHaMAEJYpPNMFEMH0rIiOse1S66aqObs8HXSSdZsO2GvbNSa11XnZWgUM4gjrYcAotuIRraAOBe3iAJ3gzHo1X4934mI0uGeXOAfyC8fkF87KlZg==</latexit>

@J

@W3
<latexit sha1_base64="zdijBs7EgkFMvxEUSpquoy0KtEw=">AAACEXicbVDLSsNAFL3xWesr6tLNYBG6KokKuiy6EVcV7AOaECbTSTt08mBmIpSQX3Djr7hxoYhbd+78GydtQG09MHA459479x4/4Uwqy/oylpZXVtfWKxvVza3tnV1zb78j41QQ2iYxj0XPx5JyFtG2YorTXiIoDn1Ou/74qvC791RIFkd3apJQN8TDiAWMYKUlz6w7gcAkcxIsFMMc3eQ/3AmxGvlB1s2909wza1bDmgItErskNSjR8sxPZxCTNKSRIhxL2betRLlZMZtwmledVNIEkzEe0r6mEQ6pdLPpRTk61soABbHQL1Joqv7uyHAo5ST0dWWxpJz3CvE/r5+q4MLNWJSkikZk9lGQcqRiVMSDBkxQovhEE0wE07siMsI6IqVDrOoQ7PmTF0nnpGFbDfv2rNa8LOOowCEcQR1sOIcmXEML2kDgAZ7gBV6NR+PZeDPeZ6VLRtlzAH9gfHwDUNyd7g==</latexit><latexit sha1_base64="bO4yBxhhTeyBQpVBYNHND90f7RQ=">AAACNnicjVDLSsNAFL3xWesr6tLNYBG6KokKuiy6EVcK9gFNCJPppB06eTAzEUrIL/g1Ltz4E+7cuBFx6yc4aQNq68IDA4dz7mXuOX7CmVSW9WIsLC4tr6xW1qrrG5tb2+bOblvGqSC0RWIei66PJeUsoi3FFKfdRFAc+px2/NFF4XfuqJAsjm7VOKFuiAcRCxjBSkueWXcCgUnmJFgohjm6yr+5E2I19IOsk3vHuWfWrIY1AZondklqUOJ/45757PRjkoY0UoRjKXu2lSg3Kw4gnOZVJ5U0wWSEB7SnaYRDKt1sEjtHh1rpoyAW+kUKTdSfGxkOpRyHvp4skshZrxD/8nqpCs7cjEVJqmhEph8FKUcqRkWHqM8EJYqPNcFEMH0rIkOse1S66aqObs8GnSfto4ZtNeybk1rzvOysAvtwAHWw4RSacAnX0AIC9/AAT/BmPBqvxrvxMR1dMMqdPfgF4/ML9VylZw==</latexit><latexit sha1_base64="bO4yBxhhTeyBQpVBYNHND90f7RQ=">AAACNnicjVDLSsNAFL3xWesr6tLNYBG6KokKuiy6EVcK9gFNCJPppB06eTAzEUrIL/g1Ltz4E+7cuBFx6yc4aQNq68IDA4dz7mXuOX7CmVSW9WIsLC4tr6xW1qrrG5tb2+bOblvGqSC0RWIei66PJeUsoi3FFKfdRFAc+px2/NFF4XfuqJAsjm7VOKFuiAcRCxjBSkueWXcCgUnmJFgohjm6yr+5E2I19IOsk3vHuWfWrIY1AZondklqUOJ/45757PRjkoY0UoRjKXu2lSg3Kw4gnOZVJ5U0wWSEB7SnaYRDKt1sEjtHh1rpoyAW+kUKTdSfGxkOpRyHvp4skshZrxD/8nqpCs7cjEVJqmhEph8FKUcqRkWHqM8EJYqPNcFEMH0rIkOse1S66aqObs8GnSfto4ZtNeybk1rzvOysAvtwAHWw4RSacAnX0AIC9/AAT/BmPBqvxrvxMR1dMMqdPfgF4/ML9VylZw==</latexit><latexit sha1_base64="bO4yBxhhTeyBQpVBYNHND90f7RQ=">AAACNnicjVDLSsNAFL3xWesr6tLNYBG6KokKuiy6EVcK9gFNCJPppB06eTAzEUrIL/g1Ltz4E+7cuBFx6yc4aQNq68IDA4dz7mXuOX7CmVSW9WIsLC4tr6xW1qrrG5tb2+bOblvGqSC0RWIei66PJeUsoi3FFKfdRFAc+px2/NFF4XfuqJAsjm7VOKFuiAcRCxjBSkueWXcCgUnmJFgohjm6yr+5E2I19IOsk3vHuWfWrIY1AZondklqUOJ/45757PRjkoY0UoRjKXu2lSg3Kw4gnOZVJ5U0wWSEB7SnaYRDKt1sEjtHh1rpoyAW+kUKTdSfGxkOpRyHvp4skshZrxD/8nqpCs7cjEVJqmhEph8FKUcqRkWHqM8EJYqPNcFEMH0rIkOse1S66aqObs8GnSfto4ZtNeybk1rzvOysAvtwAHWw4RSacAnX0AIC9/AAT/BmPBqvxrvxMR1dMMqdPfgF4/ML9VylZw==</latexit>

⇣ @J

@W1

⌘T
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Figure 1.17: The com-
putation graph for
backpropagation through
a three-layer MLP. It’s
just another neural net!
Solid lines are involved in
computing data/activation
gradients and dotted lines
are involved in computing
parameter gradients.

: params forward
: params backward
: data forward
: data backward

There are a few interesting things about this forward-backward network. One is that acti-
vations from the relu layers get transformed to become parameters of a linear layer of
the backward network (see equation (1.33)). There is a general term for this setup, where
one neural net outputs values that parameterize another neural net; this is called a hyper-
network [1]. The forward network is a hypernetwork that parameterizes the backward
network.

Another interesting property, which we already pointed out previously, is that the back-
ward network only consists of linear layers. This is true no matter what the forward network
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consists of (even if it is not a conventional neural network but some arbitrary computation
graph). The reason why this happens is because backprop implements the chain rule, and
the chain rule is always a product of Jacobian matrices. Since a Jacobian is a matrix, clearly
it is a linear function. But more intuitively, you can think of each Jacobian as being a locally
linear approximation to the loss surface; hence each can be represented with a linear layer.

1.7 Backpropagation Through DAGs: Branch and Merge
So far we have only seen chain-like graphs, –[]–[]–[]→. Can backprop handle other graphs?
It turns out the answer is yes. Presently we will consider directed acyclic graphs (DAGs).
In chapter ??, we will see that neural nets can also include cycles and still be trained with
variants of backprop (e.g., backprop through time).

In a DAG, nodes can have multiple inputs and multiple outputs. In fact, we have already
seen several examples of such nodes in the preceding sections. For example, a linear layer
can be thought of as having two inputs, xin and θ, and one output xout; or it can be thought
of as having N = |xin| + |θ| inputs and M = |xout| outputs, if we count up each dimension of
the input and output vectors. So we have already seen DAG computation graphs.

However, to work with general DAGs, it helps to introduce two new special modules,
which act to construct the topology of the graph. We will call these special operators merge
and branch (figure 1.18).

We only consider binary
branching and merging
here, but branching and
merging N ways can be
done analogously or by

repeating these operators.

Figure 1.18: merge
and branch layers.

merge branch

We define them mathematically as variable concatenation and copying, respectively:

merge(xa
in,xb

in), [xa
in,xb

in],xout (1.37)

branch(xin), [xin,xin], [xa
out,xb

out] (1.38)

What if xa
in and xb

in are
tensors, or other objects,

with different shapes? Can
we still concatenate them?

The answer is yes. The
shape of the data tensor

has no impact on the
math. We pick the shape

just as a notational
convenience; for example,
it’s natural to think about

images as
two-dimensional arrays.

Here, merge takes two inputs and concatenates them. This results in a new multidimen-
sional variable. The backward pass equation is trivial. To compute the gradient of the cost
with respect to xa

in, that is, ga
in, we have

ga
in =goutL

xa
=

∂J
∂xout

∂xout

∂xa
in

(1.39)

=gout

[∂xa
in

∂xa
in

,
∂xb

in

∂xa
in

]T
(1.40)

=gout[1, 0]T (1.41)

and likewise for gb
in. That is, we just pick out the first half of the gout gradient vector

for ga
in and the second half for gb

in. There is really nothing new here. We already defined
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backpropagation for multidimensional variables above, and merge is just an explicit way
of constructing multidimensional variables.

The branch operator is only slightly more complicated. In branching, we send copies
of the same output to multiple downstream nodes. Therefore, we have multiple gradients
coming back to the branch module, each from different downstream paths. So the inputs to
this module on the backward pass are ∂J

∂xa
in

, ∂J
∂xb

in
, which we can write as the gradient vector

gout = ∂J
∂[xa

in,xb
in] = [ ∂J

∂xa
in

, ∂J
∂xb

in
] = [ga

out,gb
out]. Let’s compute the backward pass output:

gin =goutL
x (1.42)

= [ga
out,gb

out]
∂[xa

out,xb
out]

∂xin
(1.43)

= [ga
out,gb

out]
∂[xin,xin]
∂xin

(1.44)

= [ga
out,gb

out][1, 1]T (1.45)

=gb
out +gb

out (1.46)

So, branching just sums both the gradients passed backward to it.
Both merge and branch have no parameters, so there is no parameter gradient to define.

Thus, we have fully specified the forward and backward behavior of these layers. The next
diagrams summarize the behavior (figure 1.19).

merge layer
forward and backward

xout = [xa
in,xb

in]

ga
in =gout[1, 0]T

gb
in =gout[0, 1]T

xa
in

xb
in

ga
in

gb
in

gout

xout

branch layer
forward and backward

xa
out =xin

xb
out =xin

gin =ga
out +gb

out

xin

gin
ga

out

gb
out

xa
out

xb
out

Figure 1.19: Merge and
branch layers forward
and backward.

With merge and branch, we can construct any DAG computation graph by simply insert-
ing these layers wherever we want a layer to have multiple inputs or multiple outputs. An
example is given in figure 1.20.

Figure 1.20: An example
of a DAG computa-
tion graph that we can
construct, and do back-
propagation through,
with the tools defined
previously.
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1.8 Parameter Sharing
Parameter sharing consists of a single parameter being sent as input to multiple different
layers. We can consider this as a branching operation, as shown in figure 1.21.

Figure 1.21: Parameter
sharing is equivalent to

branching a parameter in
the computation graph. branchθ

θa

θb

· · ·

· · ·

Then, from the previous section, it is clear that gradients summate for shared parameters.
Let {θi}N

i=1 be a set of variables that are all copies of one free parameter θ . Then,

∂J
∂θ

=
∑

i

∂J
∂θi (1.47)

Neural net layers that have
their parameters shared in

this way are sometimes
said to use tied weights.

1.9 Backpropagation to the Data
Backpropagation does not distinguish between parameters and data — it treats both as
generic inputs to parameterless modules. Therefore, we can use backprop to optimize data
inputs to the graph just like we can use backprop to optimize parameter inputs to the graph.

To see this, it helps to think about just the inputs and outputs to the full computation
graph. In the forward direction, the inputs are the data and parameter settings and the output
is the loss. In the backward direction, the input is the number 1 and the outputs are the are
gradients of the loss with respect to the data and parameters. The full computation graph, for
a learning problem using neural net F = fL ◦ · · · ◦ f1 and loss function L, is L(F(x0),y, θ),
J(x0,y, θ). This function can itself be thought of as a single computation block, with inputs
and outputs as specified previously (figure 1.22).

In Pytorch you can only
set input variables as

optimization targets –
these are called the leaves
of the computation graph

since, on the backward
pass, they have no

children. All the other
variables are completely

determined by the values
of the input variables —

they are not free variables.

Figure 1.22: Full for-
ward and backward

passes for a learning
problem min J(x0,y, θ),

collapsed into a single
computation block.

J(x0,y, θ)

θ

x0,y J

J Forward

J′(x0,y, θ)

∂J
∂θ

∂J
∂x0

, ∂J
∂y 1

J Backward

From this diagram, it should be clear that data inputs and parameter inputs play sym-
metric roles. Just as we can optimize parameters to minimize the loss, by descending the
parameter gradient given by backward, we can also optimize input data to minimize the
loss by descending the data gradient.
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This can be useful for lots of different applications. One example is visualizing the input
image that most activates a given neuron we are probing in a neural net. To do this, we define
J to be the negative of the value of the neuron we are probing, that is, J(x0, θ) = –xl[i] if we
are interested in the i-th neuron on layer l (notice y is not used for this problem).

It is negative so that
minimizing the loss
maximizes the activation.

We show
an example of this in figure 1.23 below, where we used backprop to find the input image
that most activates a node in the computation graph that scores whether or not an image is
“a photo of a cat.” Do you see cat-like stuff in the optimized image? What does this tell you
about how the network is working?

Figure 1.23: Visualizing
the optimal image of a cat
according to a particular
neural net. The net we
used is called Contrastive
Language-Image Pre-
Training (CLIP) [3] and
here we found the image
that maximizes a node in
CLIP’s computation graph
that measures how much
the image matches the
text “a photo of a cat.” In
chapter ?? we will cover
exactly how the CLIP
model works in more
detail.

Visualizations like this are
a useful way to figure out
what visual features a
given neuron is sensitive
to. Researchers often
combine this visualization
method with a natural
image prior in order to
find an image that not
only strongly activates the
neuron in question but
also looks like a natural
photograph (e.g., [2]).

1.10 Concluding Remarks
Backprop is often presented as a method just for training neural networks, but it is actually
a much more general tool than that. Backprop is an efficient way to find partial derivatives
in computation graphs. It is general to a large family of computation graphs and can be used
not just for learning parameters but also for optimizing data.
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