
Chapter 1

Generative models

Generative models perform (or describe) the synthesis of data. Recall the image classifier
from Chapter ??:

cClassifier
<latexit sha1_base64="vjYq9XQCy1R1jRX5yT/9N7Jlzwk=">AAAB8XicbVC7TsMwFL3hWcqrwMhiUSExVUkXGCu6MBaJPkQbVY5701p1nMh2kKqof8HCAEKs/A0bf4PTZoCWI1k6Pude+94TJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WDazP3uEyrNY/lgZgn6ER1LHnJGjZUem4Jqba+ohpWqW3MXIOvEK0gVCrSGla/BKGZphNKw/JW+5ybGz6gynAmclwepxoSyKR1j31JJI9R+tph4Ti6tMiJhrOyRhizU3x0ZjbSeRYGtjKiZ6FUvF//z+qkJb/yMyyQ1KNnyozAVxMQkX5+MuEJmxMwSyhS3sxI2oYoyY0Mq2xC81ZXXSade89yad1+vNm6LOEpwDhdwBR5cQwPuoAVtYCDhGV7hzdHOi/PufCxLN5yi5wz+wPn8AaVikOE=</latexit><latexit sha1_base64="vjYq9XQCy1R1jRX5yT/9N7Jlzwk=">AAAB8XicbVC7TsMwFL3hWcqrwMhiUSExVUkXGCu6MBaJPkQbVY5701p1nMh2kKqof8HCAEKs/A0bf4PTZoCWI1k6Pude+94TJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WDazP3uEyrNY/lgZgn6ER1LHnJGjZUem4Jqba+ohpWqW3MXIOvEK0gVCrSGla/BKGZphNKw/JW+5ybGz6gynAmclwepxoSyKR1j31JJI9R+tph4Ti6tMiJhrOyRhizU3x0ZjbSeRYGtjKiZ6FUvF//z+qkJb/yMyyQ1KNnyozAVxMQkX5+MuEJmxMwSyhS3sxI2oYoyY0Mq2xC81ZXXSade89yad1+vNm6LOEpwDhdwBR5cQwPuoAVtYCDhGV7hzdHOi/PufCxLN5yi5wz+wPn8AaVikOE=</latexit><latexit sha1_base64="vjYq9XQCy1R1jRX5yT/9N7Jlzwk=">AAAB8XicbVC7TsMwFL3hWcqrwMhiUSExVUkXGCu6MBaJPkQbVY5701p1nMh2kKqof8HCAEKs/A0bf4PTZoCWI1k6Pude+94TJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WDazP3uEyrNY/lgZgn6ER1LHnJGjZUem4Jqba+ohpWqW3MXIOvEK0gVCrSGla/BKGZphNKw/JW+5ybGz6gynAmclwepxoSyKR1j31JJI9R+tph4Ti6tMiJhrOyRhizU3x0ZjbSeRYGtjKiZ6FUvF//z+qkJb/yMyyQ1KNnyozAVxMQkX5+MuEJmxMwSyhS3sxI2oYoyY0Mq2xC81ZXXSade89yad1+vNm6LOEpwDhdwBR5cQwPuoAVtYCDhGV7hzdHOi/PufCxLN5yi5wz+wPn8AaVikOE=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Ps134K6hOx15mXWviU088VN0eS8=">AAAB5nicbVBNTwIxEJ31ExEVvXppJCaeyK4XPZpw8YiJfETYkG4ZoKHb3bSzJmTDv/DiQWP8Sd78N3aBg4IvmeT1vWk786JUSUu+/+1tbe/s7u2XDsqHlaPjk+pppW2TzAhsiUQlphtxi0pqbJEkhd3UII8jhZ1o2ij8zjMaKxP9SLMUw5iPtRxJwclJTw3FrXVHNINqza/7C7BNEqxIDVZoDqpf/WEishg1ieKVXuCnFObckBQK5+V+ZjHlYsrH2HNU8xhtmC8mnrNLpwzZKDGuNLGF+vtGzmNrZ3HkOmNOE7vuFeJ/Xi+j0W2YS51mhFosPxplilHCivXZUBoUpGaOcGGkm5WJCTdckAup7EII1lfeJO3reuDXgwcfSnAOF3AFAdzAHdxDE1ogQMMLvMG7Z71X72MZ15a3yu0M/sD7/AFoDY+H</latexit><latexit sha1_base64="Ps134K6hOx15mXWviU088VN0eS8=">AAAB5nicbVBNTwIxEJ31ExEVvXppJCaeyK4XPZpw8YiJfETYkG4ZoKHb3bSzJmTDv/DiQWP8Sd78N3aBg4IvmeT1vWk786JUSUu+/+1tbe/s7u2XDsqHlaPjk+pppW2TzAhsiUQlphtxi0pqbJEkhd3UII8jhZ1o2ij8zjMaKxP9SLMUw5iPtRxJwclJTw3FrXVHNINqza/7C7BNEqxIDVZoDqpf/WEishg1ieKVXuCnFObckBQK5+V+ZjHlYsrH2HNU8xhtmC8mnrNLpwzZKDGuNLGF+vtGzmNrZ3HkOmNOE7vuFeJ/Xi+j0W2YS51mhFosPxplilHCivXZUBoUpGaOcGGkm5WJCTdckAup7EII1lfeJO3reuDXgwcfSnAOF3AFAdzAHdxDE1ogQMMLvMG7Z71X72MZ15a3yu0M/sD7/AFoDY+H</latexit><latexit sha1_base64="BtDRWfK2TRCb+xZbOYH6I648OfA=">AAAB8XicbVC7TsMwFL0pr1JeBUYWiwqJqUpYYKzowlgk+hBtVDnuTWvVcSLbQaqi/gULAwix8jds/A1OmwFajmTp+Jx77XtPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8G0mfvdJ1Sax/LBzBL0IzqWPOSMGis9NgXV2l5RDas1t+4uQNaJV5AaFGgNq1+DUczSCKVh+St9z02Mn1FlOBM4rwxSjQllUzrGvqWSRqj9bDHxnFxYZUTCWNkjDVmovzsyGmk9iwJbGVEz0ateLv7n9VMT3vgZl0lqULLlR2EqiIlJvj4ZcYXMiJkllCluZyVsQhVlxoZUsSF4qyuvk85V3XPr3r1ba9wWcZThDM7hEjy4hgbcQQvawEDCM7zCm6OdF+fd+ViWlpyi5xT+wPn8AaTCkN8=</latexit><latexit sha1_base64="vjYq9XQCy1R1jRX5yT/9N7Jlzwk=">AAAB8XicbVC7TsMwFL3hWcqrwMhiUSExVUkXGCu6MBaJPkQbVY5701p1nMh2kKqof8HCAEKs/A0bf4PTZoCWI1k6Pude+94TJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WDazP3uEyrNY/lgZgn6ER1LHnJGjZUem4Jqba+ohpWqW3MXIOvEK0gVCrSGla/BKGZphNKw/JW+5ybGz6gynAmclwepxoSyKR1j31JJI9R+tph4Ti6tMiJhrOyRhizU3x0ZjbSeRYGtjKiZ6FUvF//z+qkJb/yMyyQ1KNnyozAVxMQkX5+MuEJmxMwSyhS3sxI2oYoyY0Mq2xC81ZXXSade89yad1+vNm6LOEpwDhdwBR5cQwPuoAVtYCDhGV7hzdHOi/PufCxLN5yi5wz+wPn8AaVikOE=</latexit><latexit sha1_base64="vjYq9XQCy1R1jRX5yT/9N7Jlzwk=">AAAB8XicbVC7TsMwFL3hWcqrwMhiUSExVUkXGCu6MBaJPkQbVY5701p1nMh2kKqof8HCAEKs/A0bf4PTZoCWI1k6Pude+94TJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WDazP3uEyrNY/lgZgn6ER1LHnJGjZUem4Jqba+ohpWqW3MXIOvEK0gVCrSGla/BKGZphNKw/JW+5ybGz6gynAmclwepxoSyKR1j31JJI9R+tph4Ti6tMiJhrOyRhizU3x0ZjbSeRYGtjKiZ6FUvF//z+qkJb/yMyyQ1KNnyozAVxMQkX5+MuEJmxMwSyhS3sxI2oYoyY0Mq2xC81ZXXSade89yad1+vNm6LOEpwDhdwBR5cQwPuoAVtYCDhGV7hzdHOi/PufCxLN5yi5wz+wPn8AaVikOE=</latexit><latexit sha1_base64="vjYq9XQCy1R1jRX5yT/9N7Jlzwk=">AAAB8XicbVC7TsMwFL3hWcqrwMhiUSExVUkXGCu6MBaJPkQbVY5701p1nMh2kKqof8HCAEKs/A0bf4PTZoCWI1k6Pude+94TJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WDazP3uEyrNY/lgZgn6ER1LHnJGjZUem4Jqba+ohpWqW3MXIOvEK0gVCrSGla/BKGZphNKw/JW+5ybGz6gynAmclwepxoSyKR1j31JJI9R+tph4Ti6tMiJhrOyRhizU3x0ZjbSeRYGtjKiZ6FUvF//z+qkJb/yMyyQ1KNnyozAVxMQkX5+MuEJmxMwSyhS3sxI2oYoyY0Mq2xC81ZXXSade89yad1+vNm6LOEpwDhdwBR5cQwPuoAVtYCDhGV7hzdHOi/PufCxLN5yi5wz+wPn8AaVikOE=</latexit><latexit sha1_base64="vjYq9XQCy1R1jRX5yT/9N7Jlzwk=">AAAB8XicbVC7TsMwFL3hWcqrwMhiUSExVUkXGCu6MBaJPkQbVY5701p1nMh2kKqof8HCAEKs/A0bf4PTZoCWI1k6Pude+94TJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WDazP3uEyrNY/lgZgn6ER1LHnJGjZUem4Jqba+ohpWqW3MXIOvEK0gVCrSGla/BKGZphNKw/JW+5ybGz6gynAmclwepxoSyKR1j31JJI9R+tph4Ti6tMiJhrOyRhizU3x0ZjbSeRYGtjKiZ6FUvF//z+qkJb/yMyyQ1KNnyozAVxMQkX5+MuEJmxMwSyhS3sxI2oYoyY0Mq2xC81ZXXSade89yad1+vNm6LOEpwDhdwBR5cQwPuoAVtYCDhGV7hzdHOi/PufCxLN5yi5wz+wPn8AaVikOE=</latexit><latexit sha1_base64="vjYq9XQCy1R1jRX5yT/9N7Jlzwk=">AAAB8XicbVC7TsMwFL3hWcqrwMhiUSExVUkXGCu6MBaJPkQbVY5701p1nMh2kKqof8HCAEKs/A0bf4PTZoCWI1k6Pude+94TJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WDazP3uEyrNY/lgZgn6ER1LHnJGjZUem4Jqba+ohpWqW3MXIOvEK0gVCrSGla/BKGZphNKw/JW+5ybGz6gynAmclwepxoSyKR1j31JJI9R+tph4Ti6tMiJhrOyRhizU3x0ZjbSeRYGtjKiZ6FUvF//z+qkJb/yMyyQ1KNnyozAVxMQkX5+MuEJmxMwSyhS3sxI2oYoyY0Mq2xC81ZXXSade89yad1+vNm6LOEpwDhdwBR5cQwPuoAVtYCDhGV7hzdHOi/PufCxLN5yi5wz+wPn8AaVikOE=</latexit><latexit sha1_base64="vjYq9XQCy1R1jRX5yT/9N7Jlzwk=">AAAB8XicbVC7TsMwFL3hWcqrwMhiUSExVUkXGCu6MBaJPkQbVY5701p1nMh2kKqof8HCAEKs/A0bf4PTZoCWI1k6Pude+94TJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WDazP3uEyrNY/lgZgn6ER1LHnJGjZUem4Jqba+ohpWqW3MXIOvEK0gVCrSGla/BKGZphNKw/JW+5ybGz6gynAmclwepxoSyKR1j31JJI9R+tph4Ti6tMiJhrOyRhizU3x0ZjbSeRYGtjKiZ6FUvF//z+qkJb/yMyyQ1KNnyozAVxMQkX5+MuEJmxMwSyhS3sxI2oYoyY0Mq2xC81ZXXSade89yad1+vNm6LOEpwDhdwBR5cQwPuoAVtYCDhGV7hzdHOi/PufCxLN5yi5wz+wPn8AaVikOE=</latexit>

Fish

A generative model does the opposite:

cGenerator
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Fish

Whereas an image classifier is a function f : X → Y, a generative model is a function in
the opposite direction g : Y → X . Things are a bit different in this direction. The function f
is many-to-one: there are many images that all should be given the same label “fish”. The
function g, on the other hand, is one-to-many: there are many possible outputs for any
given input. Generative models handle this ambiguity by making g a stochastic function.
One way to make a function stochastic is to make it a deterministic function of a stochastic
input: g : Z ×Y → X , with z ∼ p(z), z ∈ Z. Often, we use Gaussian noise as the stochastic
input: p(z) = N (0,1):

Fish cGenerator
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X, or, how I learned to start worrying and love Y

August 2017

Basic idea: worry is a prediction that we are near a negative reward.
Similarly, excitement is a prediction that we are near a positive reward.
Worry and excitement smooth the energy surface.
Bigger idea: many emotions are like this.
Oh wait, are we just reinventing value functions?

ŷ = F(x)

L(ŷ,y) = kŷ � yk2

L(ŷ,y) = � P
i ŷi log yi

p(x)

x ⇠ p(x)

z ⇠ N (0, 1)

G(z) ⇠ p(x)

1

Sometimes we wish to simply make up data from scratch – in fact this is the canonical
setting in which generative models are often studied. To do so, we can simply drop the
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dependency on the input label y. This yields a procedure for making data sampled as:

z ∼ p(z) (1.1)

x̂ = g(z) (1.2)

Corresponds to this
graphical model:

z
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We call this an unconditional generative model because it is model of the unconditional
distribution p(x). Generally we will refer to unconditional generative models simply as
“generative models” and use the term conditional generative model for a model of any
conditional distribution p(x|y). Conditional generative models will be the focus of Chapter
??; in the present chapter we will restrict our attention to unconditional models.

Why bother with (unconditional) generative models, which make up random synthetic
data? At first this may seem a silly goal. Why should we care to make up images from
scratch? One reason is content creation; we will see other reasons later, but content creation
is a good starting point. Suppose we are making a video game and we want to automatically
generate a bunch of exciting levels for the player the explore. We would like a procedure
for making up new levels from scratch. Such procedural graphics have been successfully
used to generate random landscapes for game levels [?]. Suppose we want to add a river
to a landscape. We need to decide what path the river should take. A simple program for
generating the path could be “walk an increment forward, flip a coin to decide whether to
turn left or right, repeat.” Here is that program in pseudocode:

Algorithm 1: Generative model of images of rivers

1 Input: Random vector of coin flips z = [z0, . . . , zN ] with each zi ∈ {0, 1}
2 Output: Picture of a river
3 start drawing at origin with heading = 90◦

4 for i = 1, . . . , N do
5 extend line 1 unit in current heading direction

6 if zi == 1 then
7 rotate heading 10◦ to the right

8 else
9 rotate heading 10◦ to the left

Here are a few rivers this program draws:

This program relies on a sequence of random coin flips to generate the path of the river.
In other words, the program took a sequence of flips as input, and converted this “noise”
to a image of the path of the river. It’s exactly the same idea as we described above for
generating images of fish, just this time the generator is a program that makes rivers:

This generator was written by hand. Next we will see generative models that learn the
program that synthesizes data.

1.1 Learning generative models

1.1.1 Data generators

What if our model just
memorizes all the

training examples and
generates random draws
from this memory? This

section focuses on the
goal of producing “fake”
data that looks like the

training data, and,
indeed, memorized

training samples would
satisfy that goal. A

second, and sometimes
overlooked, property of a
good generative model is

that it be a simple, or
“smooth”, function, so

that it generalizes to
producing fake samples

that interpolate and
extrapolate beyond the
exact training data. A

generative model that can
only regurgitate the

training data is overfit in
the same way as a

classifier that memorizes
the training data is

overfit. In both cases, the
true modeling goal is to

both fit the training data
and to do so with a

function that generalizes.
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cGenerator
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z ⇠ Bernoulli(0.5)
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How can we learn to synthesize images that look realistic? The machine learning way to
do this is to start with a training set of examples of real images, {x(i)}Ni=1. Recall that in
supervised learning, an “example” was defined as an {input, output} pair; here things are
actually no different, only the input happens to be the null set. We feed these examples to
a learner, which spits out a generator function. Later, we may query the generator with
random noise source z to produce novel outputs, a process called sampling from the model:
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!
<latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit>

!
<latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit>

Learner
<latexit sha1_base64="EHTz7C4fqz2wFVyEFTn6ZACLM4k=">AAAB7nicbVA9SwNBEJ2LXzF+nVraLAbBKtyl0TJoY2ERwXxAcoS9zVyyZG/v2N0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpgKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wcjv3O0+oNE/ko5mmGMR0JHnEGTVW6twjVRLVwK16NW8Bsk78glShQHPgfvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w7IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE10HOZZoZlGy5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAj+6svrpF2v+V7Nf6hXGzdFHGU4g3O4BB+uoAF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A036j4c=</latexit><latexit sha1_base64="EHTz7C4fqz2wFVyEFTn6ZACLM4k=">AAAB7nicbVA9SwNBEJ2LXzF+nVraLAbBKtyl0TJoY2ERwXxAcoS9zVyyZG/v2N0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpgKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wcjv3O0+oNE/ko5mmGMR0JHnEGTVW6twjVRLVwK16NW8Bsk78glShQHPgfvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w7IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE10HOZZoZlGy5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAj+6svrpF2v+V7Nf6hXGzdFHGU4g3O4BB+uoAF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A036j4c=</latexit><latexit sha1_base64="EHTz7C4fqz2wFVyEFTn6ZACLM4k=">AAAB7nicbVA9SwNBEJ2LXzF+nVraLAbBKtyl0TJoY2ERwXxAcoS9zVyyZG/v2N0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpgKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wcjv3O0+oNE/ko5mmGMR0JHnEGTVW6twjVRLVwK16NW8Bsk78glShQHPgfvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w7IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE10HOZZoZlGy5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAj+6svrpF2v+V7Nf6hXGzdFHGU4g3O4BB+uoAF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A036j4c=</latexit><latexit sha1_base64="EHTz7C4fqz2wFVyEFTn6ZACLM4k=">AAAB7nicbVA9SwNBEJ2LXzF+nVraLAbBKtyl0TJoY2ERwXxAcoS9zVyyZG/v2N0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpgKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wcjv3O0+oNE/ko5mmGMR0JHnEGTVW6twjVRLVwK16NW8Bsk78glShQHPgfvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w7IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE10HOZZoZlGy5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAj+6svrpF2v+V7Nf6hXGzdFHGU4g3O4BB+uoAF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A036j4c=</latexit>

T
ra

in
in

g
<latexit sha1_base64="TRc/X31uf+rkNQ2GCCLPpvHdBuU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SmDJoYxkhX5AcYW+zlyzZ2zt354Rw5E/YWChi69+x89+4Sa7QxAcDj/dmmJkXJFIYdN1vp7C1vbO7V9wvHRweHZ+UT886Jk41420Wy1j3Amq4FIq3UaDkvURzGgWSd4Pp3cLvPnFtRKxaOEu4H9GxEqFgFK3Ua2kqlFDjYbniVt0lyCbxclKBHM1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8t75+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY1v1MqCRFrthqUZhKgjFZPE9GQnOGcmYJZVrYWwmbUE0Z2ohKNgRv/eVN0qlVPbfqPdQqjds8jiJcwCVcgwc30IB7aEIbGEh4hld4cx6dF+fd+Vi1Fpx85hz+wPn8ASR0kAQ=</latexit><latexit sha1_base64="TRc/X31uf+rkNQ2GCCLPpvHdBuU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SmDJoYxkhX5AcYW+zlyzZ2zt354Rw5E/YWChi69+x89+4Sa7QxAcDj/dmmJkXJFIYdN1vp7C1vbO7V9wvHRweHZ+UT886Jk41420Wy1j3Amq4FIq3UaDkvURzGgWSd4Pp3cLvPnFtRKxaOEu4H9GxEqFgFK3Ua2kqlFDjYbniVt0lyCbxclKBHM1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8t75+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY1v1MqCRFrthqUZhKgjFZPE9GQnOGcmYJZVrYWwmbUE0Z2ohKNgRv/eVN0qlVPbfqPdQqjds8jiJcwCVcgwc30IB7aEIbGEh4hld4cx6dF+fd+Vi1Fpx85hz+wPn8ASR0kAQ=</latexit><latexit sha1_base64="TRc/X31uf+rkNQ2GCCLPpvHdBuU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SmDJoYxkhX5AcYW+zlyzZ2zt354Rw5E/YWChi69+x89+4Sa7QxAcDj/dmmJkXJFIYdN1vp7C1vbO7V9wvHRweHZ+UT886Jk41420Wy1j3Amq4FIq3UaDkvURzGgWSd4Pp3cLvPnFtRKxaOEu4H9GxEqFgFK3Ua2kqlFDjYbniVt0lyCbxclKBHM1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8t75+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY1v1MqCRFrthqUZhKgjFZPE9GQnOGcmYJZVrYWwmbUE0Z2ohKNgRv/eVN0qlVPbfqPdQqjds8jiJcwCVcgwc30IB7aEIbGEh4hld4cx6dF+fd+Vi1Fpx85hz+wPn8ASR0kAQ=</latexit><latexit sha1_base64="TRc/X31uf+rkNQ2GCCLPpvHdBuU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SmDJoYxkhX5AcYW+zlyzZ2zt354Rw5E/YWChi69+x89+4Sa7QxAcDj/dmmJkXJFIYdN1vp7C1vbO7V9wvHRweHZ+UT886Jk41420Wy1j3Amq4FIq3UaDkvURzGgWSd4Pp3cLvPnFtRKxaOEu4H9GxEqFgFK3Ua2kqlFDjYbniVt0lyCbxclKBHM1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8t75+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY1v1MqCRFrthqUZhKgjFZPE9GQnOGcmYJZVrYWwmbUE0Z2ohKNgRv/eVN0qlVPbfqPdQqjds8jiJcwCVcgwc30IB7aEIbGEh4hld4cx6dF+fd+Vi1Fpx85hz+wPn8ASR0kAQ=</latexit>

Data
<latexit sha1_base64="3/OWiD301SHwhO604bDP4nISd+o=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WNRDx4r2A9oQ5lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkobm1vbO+Xdyt7+weFR9fikY6JEU9amkYh0L0DDBFesbbkVrBdrhjIQrBtMb3O/+8S04ZF6tLOY+RLHioecos2lO7Q4rNbcursAWSdeQWpQoDWsfg1GEU0kU5YKNKbvubH1U9SWU8HmlUFiWIx0imPWz6hCyYyfLm6dk4tMGZEw0lkpSxbq74kUpTEzGWSdEu3ErHq5+J/XT2x47adcxYllii4XhYkgNiL542TENaNWzDKCVPPsVkInqJHaLJ5KFoK3+vI66TTqnlv3Hhq15k0RRxnO4BwuwYMraMI9tKANFCbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AN1zjho=</latexit><latexit sha1_base64="3/OWiD301SHwhO604bDP4nISd+o=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WNRDx4r2A9oQ5lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkobm1vbO+Xdyt7+weFR9fikY6JEU9amkYh0L0DDBFesbbkVrBdrhjIQrBtMb3O/+8S04ZF6tLOY+RLHioecos2lO7Q4rNbcursAWSdeQWpQoDWsfg1GEU0kU5YKNKbvubH1U9SWU8HmlUFiWIx0imPWz6hCyYyfLm6dk4tMGZEw0lkpSxbq74kUpTEzGWSdEu3ErHq5+J/XT2x47adcxYllii4XhYkgNiL542TENaNWzDKCVPPsVkInqJHaLJ5KFoK3+vI66TTqnlv3Hhq15k0RRxnO4BwuwYMraMI9tKANFCbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AN1zjho=</latexit><latexit sha1_base64="3/OWiD301SHwhO604bDP4nISd+o=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WNRDx4r2A9oQ5lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkobm1vbO+Xdyt7+weFR9fikY6JEU9amkYh0L0DDBFesbbkVrBdrhjIQrBtMb3O/+8S04ZF6tLOY+RLHioecos2lO7Q4rNbcursAWSdeQWpQoDWsfg1GEU0kU5YKNKbvubH1U9SWU8HmlUFiWIx0imPWz6hCyYyfLm6dk4tMGZEw0lkpSxbq74kUpTEzGWSdEu3ErHq5+J/XT2x47adcxYllii4XhYkgNiL542TENaNWzDKCVPPsVkInqJHaLJ5KFoK3+vI66TTqnlv3Hhq15k0RRxnO4BwuwYMraMI9tKANFCbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AN1zjho=</latexit><latexit sha1_base64="3/OWiD301SHwhO604bDP4nISd+o=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WNRDx4r2A9oQ5lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkobm1vbO+Xdyt7+weFR9fikY6JEU9amkYh0L0DDBFesbbkVrBdrhjIQrBtMb3O/+8S04ZF6tLOY+RLHioecos2lO7Q4rNbcursAWSdeQWpQoDWsfg1GEU0kU5YKNKbvubH1U9SWU8HmlUFiWIx0imPWz6hCyYyfLm6dk4tMGZEw0lkpSxbq74kUpTEzGWSdEu3ErHq5+J/XT2x47adcxYllii4XhYkgNiL542TENaNWzDKCVPPsVkInqJHaLJ5KFoK3+vI66TTqnlv3Hhq15k0RRxnO4BwuwYMraMI9tKANFCbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AN1zjho=</latexit>

{x(i)}N
i=1<latexit sha1_base64="DCAzwf9sRXIA8qaxe6afYJX3Xe4=">AAACBXicbVDLSsNAFJ34rPUVdamLYBHqpiQi6EYounElFewDmjRMppN26GQSZiZiGbJx46+4caGIW//BnX/jpM1CWw9cOJxzL/feEySUCGnb38bC4tLyympprby+sbm1be7stkSccoSbKKYx7wRQYEoYbkoiKe4kHMMooLgdjK5yv32PuSAxu5PjBHsRHDASEgSllnzzwFVuBOUwCNVD1lNVcpy5ma/IhZP1bnyzYtfsCax54hSkAgo0fPPL7ccojTCTiEIhuo6dSE9BLgmiOCu7qcAJRCM4wF1NGYyw8NTki8w60krfCmOui0lrov6eUDASYhwFujO/WMx6ufif101leO4pwpJUYoami8KUWjK28kisPuEYSTrWBCJO9K0WGkIOkdTBlXUIzuzL86R1UnPsmnN7WqlfFnGUwD44BFXggDNQB9egAZoAgUfwDF7Bm/FkvBjvxse0dcEoZvbAHxifP5irmJs=</latexit><latexit sha1_base64="wrMxYQjuhLlYwob/znrn/i6iT/0=">AAACKnicjVDLSsNAFJ34rPUVdamLYBHqpiQi6EYounElCvYBTRom00k7dDIJMxOxDNn4NS7c+CvdSHHrhzhps9DWhQcGDufcy51zgoQSIW17Yiwtr6yurZc2yptb2zu75t5+U8QpR7iBYhrzdgAFpoThhiSS4nbCMYwCilvB8Cb3W0+YCxKzRzlKsBfBPiMhQVBqyTePXOVGUA6CUD1nXVUlp5mb+YpcOVn3zjcrds2ewlokTkEqoMD/xn1z7PZilEaYSUShEB3HTqSnIJcEUZyV3VTgBKIh7OOOpgxGWHhqGjWzTrTSs8KY68ekNVV/bigYCTGKAj2ZxxLzXi7+5XVSGV56irAklZih2aEwpZaMrbw3q0c4RpKONIGIE/1XCw0gh0jqdss6ujMfdJE0z2qOXXMeziv166KzEjgEx6AKHHAB6uAW3IMGQOAFvIJ38GG8GWNjYnzORpeMYucA/ILx9Q2HyKAU</latexit><latexit sha1_base64="wrMxYQjuhLlYwob/znrn/i6iT/0=">AAACKnicjVDLSsNAFJ34rPUVdamLYBHqpiQi6EYounElCvYBTRom00k7dDIJMxOxDNn4NS7c+CvdSHHrhzhps9DWhQcGDufcy51zgoQSIW17Yiwtr6yurZc2yptb2zu75t5+U8QpR7iBYhrzdgAFpoThhiSS4nbCMYwCilvB8Cb3W0+YCxKzRzlKsBfBPiMhQVBqyTePXOVGUA6CUD1nXVUlp5mb+YpcOVn3zjcrds2ewlokTkEqoMD/xn1z7PZilEaYSUShEB3HTqSnIJcEUZyV3VTgBKIh7OOOpgxGWHhqGjWzTrTSs8KY68ekNVV/bigYCTGKAj2ZxxLzXi7+5XVSGV56irAklZih2aEwpZaMrbw3q0c4RpKONIGIE/1XCw0gh0jqdss6ujMfdJE0z2qOXXMeziv166KzEjgEx6AKHHAB6uAW3IMGQOAFvIJ38GG8GWNjYnzORpeMYucA/ILx9Q2HyKAU</latexit><latexit sha1_base64="wrMxYQjuhLlYwob/znrn/i6iT/0=">AAACKnicjVDLSsNAFJ34rPUVdamLYBHqpiQi6EYounElCvYBTRom00k7dDIJMxOxDNn4NS7c+CvdSHHrhzhps9DWhQcGDufcy51zgoQSIW17Yiwtr6yurZc2yptb2zu75t5+U8QpR7iBYhrzdgAFpoThhiSS4nbCMYwCilvB8Cb3W0+YCxKzRzlKsBfBPiMhQVBqyTePXOVGUA6CUD1nXVUlp5mb+YpcOVn3zjcrds2ewlokTkEqoMD/xn1z7PZilEaYSUShEB3HTqSnIJcEUZyV3VTgBKIh7OOOpgxGWHhqGjWzTrTSs8KY68ekNVV/bigYCTGKAj2ZxxLzXi7+5XVSGV56irAklZih2aEwpZaMrbw3q0c4RpKONIGIE/1XCw0gh0jqdss6ujMfdJE0z2qOXXMeziv166KzEjgEx6AKHHAB6uAW3IMGQOAFvIJ38GG8GWNjYnzORpeMYucA/ILx9Q2HyKAU</latexit>

S
am

p
li
n
g

<latexit sha1_base64="njAQj444Og2vP6pxJWF5hHmGmMk=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswl0aLYM2lhHNByRH2NvsJUt2987dOSGE/AkbC0Vs/Tt2/hs3yRWa+GDg8d4MM/OiVAqLvv/tra1vbG5tF3aKu3v7B4elo+OmTTLDeIMlMjHtiFouheYNFCh5OzWcqkjyVjS6mfmtJ26sSPQDjlMeKjrQIhaMopPa91S5LXrQK5X9ij8HWSVBTsqQo94rfXX7CcsU18gktbYT+CmGE2pQMMmnxW5meUrZiA54x1FNFbfhZH7vlJw7pU/ixLjSSObq74kJVdaOVeQ6FcWhXfZm4n9eJ8P4KpwInWbINVssijNJMCGz50lfGM5Qjh2hzAh3K2FDaihDF1HRhRAsv7xKmtVK4FeCu2q5dp3HUYBTOIMLCOASanALdWgAAwnP8Apv3qP34r17H4vWNS+fOYE/8D5/ACLVkAM=</latexit><latexit sha1_base64="Aj9KcFM1SaOsijOddBZodfEW3RA=">AAACFHicjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbS0XzgGQJdyezyZCZ2WVmVgghP2Fh46/YiNha2Pk3TpItNLHwwMDhnHu5c06UCm6s7395K6tr6xubha3i9s7u3n7p4LBhkkxTVqeJSHQrQsMEV6xuuRWslWqGMhKsGQ2vpn7zgWnDE3VvRykLJfYVjzlF66TWHUp3RfW7pbJf8WcgyyTISRly/G+8W/rs9BKaSaYsFWhMO/BTG45RW04FmxQ7mWEp0iH2WdtRhZKZcDwLNSGnTumRONHuKUtm6s+NMUpjRjJykxLtwCx6U/Evr53Z+CIcc5Vmlik6PxRngtiETBsiPa4ZtWLkCFLN3V8JHaBGal2PRRc9WAy6TBrVSuBXgttquXaZd1aAYziBMwjgHGpwDTdQBwoCHuEZXr0n78V7897noytevnMEv+B9fAPwxJd8</latexit><latexit sha1_base64="Aj9KcFM1SaOsijOddBZodfEW3RA=">AAACFHicjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbS0XzgGQJdyezyZCZ2WVmVgghP2Fh46/YiNha2Pk3TpItNLHwwMDhnHu5c06UCm6s7395K6tr6xubha3i9s7u3n7p4LBhkkxTVqeJSHQrQsMEV6xuuRWslWqGMhKsGQ2vpn7zgWnDE3VvRykLJfYVjzlF66TWHUp3RfW7pbJf8WcgyyTISRly/G+8W/rs9BKaSaYsFWhMO/BTG45RW04FmxQ7mWEp0iH2WdtRhZKZcDwLNSGnTumRONHuKUtm6s+NMUpjRjJykxLtwCx6U/Evr53Z+CIcc5Vmlik6PxRngtiETBsiPa4ZtWLkCFLN3V8JHaBGal2PRRc9WAy6TBrVSuBXgttquXaZd1aAYziBMwjgHGpwDTdQBwoCHuEZXr0n78V7897noytevnMEv+B9fAPwxJd8</latexit><latexit sha1_base64="Aj9KcFM1SaOsijOddBZodfEW3RA=">AAACFHicjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbS0XzgGQJdyezyZCZ2WVmVgghP2Fh46/YiNha2Pk3TpItNLHwwMDhnHu5c06UCm6s7395K6tr6xubha3i9s7u3n7p4LBhkkxTVqeJSHQrQsMEV6xuuRWslWqGMhKsGQ2vpn7zgWnDE3VvRykLJfYVjzlF66TWHUp3RfW7pbJf8WcgyyTISRly/G+8W/rs9BKaSaYsFWhMO/BTG45RW04FmxQ7mWEp0iH2WdtRhZKZcDwLNSGnTumRONHuKUtm6s+NMUpjRjJykxLtwCx6U/Evr53Z+CIcc5Vmlik6PxRngtiETBsiPa4ZtWLkCFLN3V8JHaBGal2PRRc9WAy6TBrVSuBXgttquXaZd1aAYziBMwjgHGpwDTdQBwoCHuEZXr0n78V7897noytevnMEv+B9fAPwxJd8</latexit>

Samples
<latexit sha1_base64="wSVC4q4VP7DHwCNZV+LBgXJo4No=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBm0sYxoPiA5wt5mkizZvVt294Rw5EfYWChi6++x89+4Sa7QxAcDj/dmmJkXKcGN9f1vr7CxubW9U9wt7e0fHB6Vj09aJkk1wyZLRKI7ETUoeIxNy63AjtJIZSSwHU1u5377CbXhSfxopwpDSUcxH3JGrZPaD1QqgaZfrvhVfwGyToKcVCBHo1/+6g0SlkqMLRPUmG7gKxtmVFvOBM5KvdSgomxCR9h1NKYSTZgtzp2RC6cMyDDRrmJLFurviYxKY6Yycp2S2rFZ9ebif143tcPrMOOxSi3GbLlomApiEzL/nQy4RmbF1BHKNHe3EjammjLrEiq5EILVl9dJq1YN/GpwX6vUb/I4inAG53AJAVxBHe6gAU1gMIFneIU3T3kv3rv3sWwtePnMKfyB9/kDYGaPkw==</latexit><latexit sha1_base64="OKI79BdQPRKUdXJ13SCGByup+Ts=">AAACE3icjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbS0XzgGQJs5O7yZCZ2WVmVgghH2Fh46/YiNja2Pk3TpItNLHwwMDhnHO5c0+UCm6s7395K6tr6xubha3i9s7u3n7p4LBhkkwzrLNEJLoVUYOCK6xbbgW2Uo1URgKb0fBq6jcfUBueqHs7SjGUtK94zBm1TmreUZkKNN1S2a/4M5BlEuSkDDn+F++WPju9hGUSlWWCGtMO/NSGY6otZwInxU5mMKVsSPvYdlRRiSYcz26akFOn9EicaPeUJTP158SYSmNGMnJJSe3ALHpT8S+vndn4IhxzlWYWFZsvijNBbEKmBZEe18isGDlCmebur4QNqKbMuhqL7vRg8dBl0qhWAr8S3FbLtcu8swIcwwmcQQDnUINruIE6MBjCIzzDq/fkvXhv3vs8uuLlM0fwC97HNx+Blww=</latexit><latexit sha1_base64="OKI79BdQPRKUdXJ13SCGByup+Ts=">AAACE3icjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbS0XzgGQJs5O7yZCZ2WVmVgghH2Fh46/YiNja2Pk3TpItNLHwwMDhnHO5c0+UCm6s7395K6tr6xubha3i9s7u3n7p4LBhkkwzrLNEJLoVUYOCK6xbbgW2Uo1URgKb0fBq6jcfUBueqHs7SjGUtK94zBm1TmreUZkKNN1S2a/4M5BlEuSkDDn+F++WPju9hGUSlWWCGtMO/NSGY6otZwInxU5mMKVsSPvYdlRRiSYcz26akFOn9EicaPeUJTP158SYSmNGMnJJSe3ALHpT8S+vndn4IhxzlWYWFZsvijNBbEKmBZEe18isGDlCmebur4QNqKbMuhqL7vRg8dBl0qhWAr8S3FbLtcu8swIcwwmcQQDnUINruIE6MBjCIzzDq/fkvXhv3vs8uuLlM0fwC97HNx+Blww=</latexit><latexit sha1_base64="OKI79BdQPRKUdXJ13SCGByup+Ts=">AAACE3icjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbS0XzgGQJs5O7yZCZ2WVmVgghH2Fh46/YiNja2Pk3TpItNLHwwMDhnHO5c0+UCm6s7395K6tr6xubha3i9s7u3n7p4LBhkkwzrLNEJLoVUYOCK6xbbgW2Uo1URgKb0fBq6jcfUBueqHs7SjGUtK94zBm1TmreUZkKNN1S2a/4M5BlEuSkDDn+F++WPju9hGUSlWWCGtMO/NSGY6otZwInxU5mMKVsSPvYdlRRiSYcz26akFOn9EicaPeUJTP158SYSmNGMnJJSe3ALHpT8S+vndn4IhxzlWYWFZsvijNBbEKmBZEe18isGDlCmebur4QNqKbMuhqL7vRg8dBl0qhWAr8S3FbLtcu8swIcwwmcQQDnUINruIE6MBjCIzzDq/fkvXhv3vs8uuLlM0fwC97HNx+Blww=</latexit>

{x̂(i)}N
i=1<latexit sha1_base64="dk/AfYJFDBso4br68mG1kMKzR/s=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiQi6EYounElFewDmjRMppN26OTBzEQsQ/Zu/BU3LhRx6w+482+ctFlo64ELh3Pu5d57/IRRIS3r21haXlldWy9tlDe3tnd2zb39tohTjkkLxyzmXR8JwmhEWpJKRroJJyj0Gen446vc79wTLmgc3clJQtwQDSMaUIykljyz4ihnhKRyQiRHfqAesqyvavQ4czJP0Qs76994ZtWqW1PARWIXpAoKND3zyxnEOA1JJDFDQvRsK5GuQlxSzEhWdlJBEoTHaEh6mkYoJMJV018yeKSVAQxiriuScKr+nlAoFGIS+rozP1nMe7n4n9dLZXDuKholqSQRni0KUgZlDPNg4IBygiWbaIIwp/pWiEeIIyx1fGUdgj3/8iJpn9Rtq27fnlYbl0UcJXAIKqAGbHAGGuAaNEELYPAInsEreDOejBfj3fiYtS4ZxcwB+APj8wepQJto</latexit><latexit sha1_base64="jSCUDDJsbpNDNzR7LxLezXr0RLI=">AAACMHicjVDLSsNAFJ34rPUVdelmaBHqpiQi6EYounElCvYBTRom00k7dPJgZiKWIXu/xoUb/8OVLkTc+hVO2iy0deGBgcM593LnHD9hVEjLejMWFpeWV1ZLa+X1jc2tbXNntyXilGPSxDGLecdHgjAakaakkpFOwgkKfUba/ugi99t3hAsaR7dynBA3RIOIBhQjqSXPrDjKGSKpnBDJoR+o+yzrqRo9zJzMU/TMznpXnlm16tYEcJ7YBamCAv8b98wXpx/jNCSRxAwJ0bWtRLoKcUkxI1nZSQVJEB6hAelqGqGQCFdNAmfwQCt9GMRcv0jCifpzQ6FQiHHo68k8l5j1cvEvr5vK4NRVNEpSSSI8PRSkDMoY5u3BPuUESzbWBGFO9V8hHiKOsNQdl3V0ezboPGkd1W2rbt8cVxvnRWclsA8qoAZscAIa4BJcgybA4AE8gmfwbjwZr8aH8TkdXTCKnT3wC8bXN/gwouE=</latexit><latexit sha1_base64="jSCUDDJsbpNDNzR7LxLezXr0RLI=">AAACMHicjVDLSsNAFJ34rPUVdelmaBHqpiQi6EYounElCvYBTRom00k7dPJgZiKWIXu/xoUb/8OVLkTc+hVO2iy0deGBgcM593LnHD9hVEjLejMWFpeWV1ZLa+X1jc2tbXNntyXilGPSxDGLecdHgjAakaakkpFOwgkKfUba/ugi99t3hAsaR7dynBA3RIOIBhQjqSXPrDjKGSKpnBDJoR+o+yzrqRo9zJzMU/TMznpXnlm16tYEcJ7YBamCAv8b98wXpx/jNCSRxAwJ0bWtRLoKcUkxI1nZSQVJEB6hAelqGqGQCFdNAmfwQCt9GMRcv0jCifpzQ6FQiHHo68k8l5j1cvEvr5vK4NRVNEpSSSI8PRSkDMoY5u3BPuUESzbWBGFO9V8hHiKOsNQdl3V0ezboPGkd1W2rbt8cVxvnRWclsA8qoAZscAIa4BJcgybA4AE8gmfwbjwZr8aH8TkdXTCKnT3wC8bXN/gwouE=</latexit><latexit sha1_base64="jSCUDDJsbpNDNzR7LxLezXr0RLI=">AAACMHicjVDLSsNAFJ34rPUVdelmaBHqpiQi6EYounElCvYBTRom00k7dPJgZiKWIXu/xoUb/8OVLkTc+hVO2iy0deGBgcM593LnHD9hVEjLejMWFpeWV1ZLa+X1jc2tbXNntyXilGPSxDGLecdHgjAakaakkpFOwgkKfUba/ugi99t3hAsaR7dynBA3RIOIBhQjqSXPrDjKGSKpnBDJoR+o+yzrqRo9zJzMU/TMznpXnlm16tYEcJ7YBamCAv8b98wXpx/jNCSRxAwJ0bWtRLoKcUkxI1nZSQVJEB6hAelqGqGQCFdNAmfwQCt9GMRcv0jCifpzQ6FQiHHo68k8l5j1cvEvr5vK4NRVNEpSSSI8PRSkDMoY5u3BPuUESzbWBGFO9V8hHiKOsNQdl3V0ezboPGkd1W2rbt8cVxvnRWclsA8qoAZscAIa4BJcgybA4AE8gmfwbjwZr8aH8TkdXTCKnT3wC8bXN/gwouE=</latexit>

Generator
<latexit sha1_base64="+ygNeZf0Ui+mp4LU44Bne3Gfue4=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0aLYMWWkYwH5IcYW8zlyzZ3Tt294QQ8itsLBSx9efY+W/cJFdo4oOBx3szzMyLUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzPzWE2rDE/VgxymGkg4Ujzmj1kmPt6hQU5voXqnsV/w5yCoJclKGHPVe6avbT1gmUVkmqDGdwE9tOKHaciZwWuxmBlPKRnSAHUcVlWjCyfzgKTl3Sp/EiXalLJmrvycmVBozlpHrlNQOzbI3E//zOpmNr8IJV2lmUbHFojgTxCZk9j3pc43MirEjlGnubiVsSDVl1mVUdCEEyy+vkma1EviV4L5arl3ncRTgFM7gAgK4hBrcQR0awEDCM7zCm6e9F+/d+1i0rnn5zAn8gff5A+5RkHk=</latexit><latexit sha1_base64="VQz2xQ23tCTltjl8Ej1XQoCkWHk=">AAACFXicjVC7SgNBFJ2NrxhfUUubwSBYhd00WgYttFQwD0mWMDu5mwyZxzIzK4QlX2Fh46/YiNgKdv6Nk2QLTSw8MHA451zu3BMlnBnr+19eYWV1bX2juFna2t7Z3SvvHzSNSjWFBlVc6XZEDHAmoWGZ5dBONBARcWhFo8up33oAbZiSd3acQCjIQLKYUWKddH8FEjSxSvfKFb/qz4CXSZCTCsrxv3iv/NntK5oKkJZyYkwn8BMbZkRbRjlMSt3UQELoiAyg46gkAkyYza6a4BOn9HGstHvS4pn6cyIjwpixiFxSEDs0i95U/MvrpDY+DzMmk9SCpPNFccqxVXhaEe4zDdTysSOEaub+iumQaEKtK7LkTg8WD10mzVo18KvBba1Sv8g7K6IjdIxOUYDOUB1doxvUQBQJ9Iie0av35L14b977PFrw8plD9AvexzfMEJfy</latexit><latexit sha1_base64="VQz2xQ23tCTltjl8Ej1XQoCkWHk=">AAACFXicjVC7SgNBFJ2NrxhfUUubwSBYhd00WgYttFQwD0mWMDu5mwyZxzIzK4QlX2Fh46/YiNgKdv6Nk2QLTSw8MHA451zu3BMlnBnr+19eYWV1bX2juFna2t7Z3SvvHzSNSjWFBlVc6XZEDHAmoWGZ5dBONBARcWhFo8up33oAbZiSd3acQCjIQLKYUWKddH8FEjSxSvfKFb/qz4CXSZCTCsrxv3iv/NntK5oKkJZyYkwn8BMbZkRbRjlMSt3UQELoiAyg46gkAkyYza6a4BOn9HGstHvS4pn6cyIjwpixiFxSEDs0i95U/MvrpDY+DzMmk9SCpPNFccqxVXhaEe4zDdTysSOEaub+iumQaEKtK7LkTg8WD10mzVo18KvBba1Sv8g7K6IjdIxOUYDOUB1doxvUQBQJ9Iie0av35L14b977PFrw8plD9AvexzfMEJfy</latexit><latexit sha1_base64="VQz2xQ23tCTltjl8Ej1XQoCkWHk=">AAACFXicjVC7SgNBFJ2NrxhfUUubwSBYhd00WgYttFQwD0mWMDu5mwyZxzIzK4QlX2Fh46/YiNgKdv6Nk2QLTSw8MHA451zu3BMlnBnr+19eYWV1bX2juFna2t7Z3SvvHzSNSjWFBlVc6XZEDHAmoWGZ5dBONBARcWhFo8up33oAbZiSd3acQCjIQLKYUWKddH8FEjSxSvfKFb/qz4CXSZCTCsrxv3iv/NntK5oKkJZyYkwn8BMbZkRbRjlMSt3UQELoiAyg46gkAkyYza6a4BOn9HGstHvS4pn6cyIjwpixiFxSEDs0i95U/MvrpDY+DzMmk9SCpPNFccqxVXhaEe4zDdTysSOEaub+iumQaEKtK7LkTg8WD10mzVo18KvBba1Sv8g7K6IjdIxOUYDOUB1doxvUQBQJ9Iie0av35L14b977PFrw8plD9AvexzfMEJfy</latexit>

Generator
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Figure 1.1: Learning and using a generator.

The objective of the learner is to create a generator that produces synthetic fake data,
{x̂(i)}Ni=1, that “looks like” the real data, {x(i)}Ni=1. There are a lot of ways of define “looks
like” and they each result in a different kind of generative model. Two examples are:

1. Fake data looks like real data if matches the real data in terms of certain marginal
statistics, e.g., it has the same mean color as real photos, or the same color variance,
or the same edge statistics, etc.

2. Fake data looks like real data if it has high probability under a density model fit to the
real data.

The first approach is the one we saw in Chapter ?? on statistical image models, where fake
textures were made that had the same filter response statistics as a real training example.
This approach works well when we only want to match certain properties of the training
data. The second approach, which is the main focus of this chapter, is better when we want
to produce fake data that matches all statistics of the training examples. In practice, we may not

be able to match all
statistics, due to limits of
the model’s capacity.

To be precise, the goal of the deep generative models we consider in this chapter is to
produce fake data that is identically distributed as the training data, i.e. we want x̂ ∼ pdata
where pdata is the true process that produced the training data.

Learning data generators There are two general approaches to learn data generators:

1. Direct approach: learn the function G : Z → X .

2. Indirect approach: learn a function E : X → R and generate samples by finding values
for x that score highly under this function.
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An example of the direct approach is the Generative Adversarial Network that we will
see later in this chapter. First, however, we will describe the more classical, indirect approach
in the following sections. Indirect approaches come in two general flavors, density models
and energy models, which we describe next.

The vocab for these
different approaches can

be confusing. In the
generative modeling

literature, method #1 is
called an implicit model

since the probability
density is never explicitly

represented. However,
this usage contrasts with

the more usual use of
“implicit functions” in

math: y = f(x) is explicit
while

y = arg miny E(x, y) is
“implicit” as the output

is the implied result of an
optimization procedure
over E, rather than the

direct result of running a
function f . Approach #2
to generative modeling is

“implicit” in that the
output is a sampling

procedure over a density
or energy function.

1.1.2 Density models

Some generative models not only produce generators but also yield a probability density
function pθ, fit to the training data. This density function may play a role in training the
generator (e.g., we want the generator to produce samples from pθ) or the density function
may be the goal itself (e.g., we want to be able to estimate the probability of datapoints in
order to detect anomalies).

In fact, some generative models only produce a density pθ and do not learn any explicit
generator function. Instead, samples can be down from pθ using procedures such as Markov
Chain Monte Carlo (MCMC).

Learning density models The objective of the learner for a density model is to output
a density function pθ that is as close as possible to pdata. How should we measure closeness?
We need to define a divergence between two distributions, D, and then solve the following
optimization problem:

arg min
pθ

D(pθ, pdata) (1.3)

A problem is that we do not actually have the function pdata, we only have samples from
this function, x ∼ pdata. Therefore, we need a divergence D that measures the “distance”1

between pθ and pdata while only accessing samples from pdata. A common choice is to use
the “forward” KL-divergence, which is defined as follows:

p∗θ = arg min
pθ

KL(pdata, pθ) (1.4)

= arg min
pθ

Ex∼pdata [log
pθ(x)

pdata(x)
] (1.5)

= arg min
pθ

Ex∼pdata [log pθ(x)]− Ex∼pdata [log pdata(x)] (1.6)

= arg min
pθ

Ex∼pdata [log pθ(x)] / dropped 2nd term since no dependence on pθ (1.7)

≈ arg min
pθ

1

N

N∑

i=1

log pθ(x
(i)) (1.8)

where the final line is an empirical estimate of the expectation by sampling over the training
dataset {x(i)}Ni=1. Equation 1.7 is the expected log likelihood of the training data under the
model’s density function. Maximizing this objective is therefore a form of max likelihood
learning. Pictorially we can visualize the max likelihood objective as trying to push up the
density over each observed datapoint:

Remember that a probability density function (pdf) is a function pθ : X → [0,∞) with∫
x
pθ(x)dx = 1 (normalized). To learn a pdf, we will typically learn the parameters of a

family of pdfs. All members of the family are normalized nonnegative functions; this way we
do not need to add an explicit constraint that the learned function have these properties, we
are simply searching over a space of functions all of which have these properties. This means
that whenever we push up density over datapoints, we are forced to sacrifice density over
other regions, so, implicitly, we are removing density from places where there is no data, as
indicated by the red regions in Figure ??.

1The divergence need not be a proper distance metric, and often is not; it can be non-symmetric, where
D(p, q) 6= D(q, p), and need not satisfy the triangle-inequality. In fact, a divergence is defined by just two
properties: non-negativity and D(p, q) = 0 ⇐⇒ p = q.



1.1. LEARNING GENERATIVE MODELS 5

Constant mass Data points

p✓(x)
<latexit sha1_base64="BbR9xePCiM9LpnQYXemlkFJNZ8A=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MkmGzM6uM73BsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFRw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwup35zTHXRkTqAScx90M6UKIvGEUr+XE37eCQI52Wn867xZJbcecgq8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvm00EkMjykb0QFvW6poyI2fzo+ekjOr9Eg/0rYUkrn6eyKloTGTMLCdIcWhWfZm4n9eO8H+tZ8KFSfIFVss6ieSYERmCZCe0JyhnFhCmRb2VsKGVFOGNqeCDcFbfnmVNC4qnlvx7i9L1ZssjjycwCmUwYMrqMId1KAODB7hGV7hzRk7L86787FozTnZzDH8gfP5A6NYkf4=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit>

p✓(x)
<latexit sha1_base64="BbR9xePCiM9LpnQYXemlkFJNZ8A=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MkmGzM6uM73BsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFRw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwup35zTHXRkTqAScx90M6UKIvGEUr+XE37eCQI52Wn867xZJbcecgq8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvm00EkMjykb0QFvW6poyI2fzo+ekjOr9Eg/0rYUkrn6eyKloTGTMLCdIcWhWfZm4n9eO8H+tZ8KFSfIFVss6ieSYERmCZCe0JyhnFhCmRb2VsKGVFOGNqeCDcFbfnmVNC4qnlvx7i9L1ZssjjycwCmUwYMrqMId1KAODB7hGV7hzRk7L86787FozTnZzDH8gfP5A6NYkf4=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit>

Figure 1.2: Fitting a max likelihood density model to data. The gray region holds a constant
amount of mass – think of it as piles of dirt. To increase the amount of dirt at the locations
of the green arrow you must remove dirt from other regions, indicated in red.

In the next section we will see an alternative approach where the parametric family we
search over need not be normalized.

1.1.3 Energy-based models

Density models constrain the learned function to be normalized, i.e.
∫
x
pθ(x)dx = 1. This

constraint is often hard to realize. One approach is to learn an unnormalized function

Eθ, then convert it to the normalized density pθ = e−Eθ
Z(θ) , where Z(θ) =

∫
x
e−Eθ(x)dx is

the normalizing constant. Z(θ) can be very expensive to compute and often can only be
approximated.

The parametric form
e−Eθ
Z(θ) is sometimes referred

to as a Boltzmann or
Gibbs distribution.

Notice that Z is a
function of model
parameters θ but not of
data x, since we integrate
over all possible data
values.

Energy-based models (EBMs) address this by simply skipping the step where we
normalize the density, and letting the output of the learner just be Eθ. Even though it is not
a true probability density, Eθ can still be used for many of the applications we would want
a density for. This is because we can compare relative probabilities with Eθ:

pθ(x1)

pθ(x2)
=
e−Eθ(x1)/Z(θ)

e−Eθ(x2)/Z(θ)
=
e−Eθ(x1)

e−Eθ(x2)
(1.9)

Knowing relative probabilities is all that is required for sampling (via MCMC), for outlier
detection (the relatively lowest probability datapoint in a set of datapoints is the outlier),
and even for optimizing over a space of of data to find the datapoint that is max probability
(because arg maxx∈X pθ(x) = arg maxx∈X −Eθ(x)). To solve such a maximization problem,
we might want to find the gradient of the log probability density w.r.t. x; it turns out this
gradient is identical to the gradient of −Eθ w.r.t. x!

∇x log pθ(x) = ∇x log
e−Eθ(x)

Z(θ)
(1.10)

= −∇xEθ(x)−∇x logZ(θ) (1.11)

= −∇xEθ(x) (1.12)

In sum, energy functions can do most of what probability densities can do, except that they
do not give normalized probabilities. Therefore, they are insufficient for applications where
communicating probabilities is important for either interpretability or for interfacing with
downstream systems that require knowing true probabilities.

A case where a density
model might be
preferable over an energy
model is a medical
imaging system that
needs to communicate to
doctors the likelihood
that a patient has cancer.

Learning energy-based models Learning the parameters of an energy-based model is
a bit different than learning the parameters of a density model. In a density model, we
simply increase the probability mass over observed datapoints, and, because the density is
a normalized function, this implicitly pushes down the density assigned to regions where
there is no observed data. Since energy functions are not normalized, we need to add an
explicit “negative” term to push up energy where there are no datapoints, in addition to
the positive term of pushing down energy where the data is observed. One way to do so
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is called contrastive divergence [Hinton 2002]. On each iteration of optimization, this
method modifies the energy function to decrease the energy assigned to samples from the
data (positive term) and to increase the energy assigned to samples from the model (i.e.
samples from the energy function itself; negative term):
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Figure 1.3: Fitting a max likelihood energy function to data, using contrastive diver-
gence [Hinton 2002].

Once the energy function perfectly adheres to the data, samples from the model are
identical to samples from the data and the positive and negative terms cancel out. This
should make intuitive sense because we don’t want the energy function to change once we have
perfectly fit the data. It turns out that mathematically this procedure is an approximation

to the gradient of the log likelihood function. Defining pθ = e−Eθ
Z(θ) , start by decomposing the

gradient of the data log likelihood into two terms, which, as we will see, will end up playing
the role of positive and negative terms:

∇θEx∼pdata [log pθ(x)] = ∇θEx∼pdata [log
e−Eθ(x)

Z(θ)
] (1.13)

= −Ex∼pdata [∇θEθ(x)]−∇θ logZ(θ) (1.14)

The first term is the positive term gradient, which tries to modify parameters to decrease
the energy placed on data samples. The second term is the negative term gradient – here it
appears as an intractable integral, so our strategy is to rewrite it as an expectation, which
can be approximated via sampling:

−∇θ logZ(θ) =
1

Z(θ)
∇θZ(θ) (1.15)

=
1

Z(θ)
∇θ

∫

x

e−Eθ(x)dx / definition of Z (1.16)

=
1

Z(θ)

∫

x

∇θe−Eθ(x)dx / exchange sum and grad (1.17)

=
1

Z(θ)
−
∫

x

e−Eθ(x)∇θEθ(x)dx (1.18)

= −
∫

x

e−Eθ(x)

Z(θ)
∇θEθ(x)dx (1.19)

= −
∫

x

pθ(x)∇θEθ(x)dx / definition of pθ (1.20)

= −Ex∼pθ [∇θEθ(x)] / definition of expectation (1.21)

Here we use a very useful
identity from the chain
rule of calculus, which

appears often in machine
learning:

∇x log f(x) = 1
f(x)∇xf(x)

Plugging Eqn 1.21 back into Eqn 1.14, we arrive at:

∇θEx∼pdata [log pθ(x)] = −Ex∼pdata [∇θEθ(x)] + Ex∼pθ [∇θEθ(x)] (1.22)

Both expectations can be approximated via sampling: defining x(i) ∼ pdata and x̂(i) ∼ pθ,
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and taking N such samples, we have:

−Ex∼pdata [∇θEθ(x)] + Ex∼pθ [∇θEθ(x)] ≈ − 1

N

N∑

i=1

∇θEθ(x(i)) +
1

N

N∑

i=1

∇θEθ(x̂(i)) (1.23)

=
1

N
∇θ

N∑

i=1

(−Eθ(x(i)) + Eθ(x̂
(i))) (1.24)

The last line should make clear the intuition: we establish a “contrast” between data samples
and current model samples, then update the model to decrease this contrast, bringing the
model closer to the data. Once x(i) and x̂(i) are identically distributed, this gradient will
be zero (in expectation) – we have perfectly fit the data and no further updates should be
taken.

Under our formalization of a learning problem as an objective, hypothesis space, and
optimizer, contrastive divergence is an optimizer ; it’s an optimizer specifically built for max
likelihood objectives over energy functions. Contrastive divergence tells us how to approx-
imate the gradient of the likelihood function, which can then be plugged into any gradient
descent method.

1.2 Types of generative models

Some generative models give density or energy functions, others give generator functions,
and still others give both. We can summarize all these kinds of models with the following
learning diagram:

Generative modeling

Data

{x(i)}Ni=1 →

Density function

pθ : X → [0,∞)

Energy function

Eθ : X → R
Generator

Gθ : Z → X
→

It’s worth noting a special property of generative models that learn a generator Gθ. The
“noise” z input to the generator acts as latent variables that control the properties of the
generated image. Changing these variables can change the generated image in meaningful
ways – we will explore this idea in greater detail in the next two chapters. In contrast, density
and energy models do not have latent variables that directly control generated samples2.

Some of the generative models we will describe in this chapter and the next are catego-
rized, along these dimensions, in the table 1.1.

Generative models can also be distinguished according to their objectives, hypothesis
spaces, and optimization algorithms. Indeed, some classes of model, such as autoregressive
models refer to just a particular kind of hypothesis space, whereas other classes of model,
such as variational autoencoders, are much more specific in referring to the conjunction of
an objective, a general family of hypothesis spaces, and a particular optimization algorithm.

1.2.1 Gaussian density models

One of the simplest and most useful density models is the Gaussian distribution, which, in
1D is:

pθ(x) =
1

Z
e−(x−θ1)

2/(2θ2) (1.25)

2The sampling algorithm that draws samples from a density/energy function necessarily does depend on
“noise” factors that control properties of the generated samples, but this dependency is typically much less
explicit than the relationship between noise inputs and image outputs in a generator function.
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Method Latents? Density? Generator?
Autoregressive models 7 X slow

Diffusion models high-dim 7 slow
GANs X 7 X
VAEs X lower-bound X

Energy-based models 7 unnormalized 7

Table 1.1: Three desirable properties in a generative model. No method achieves all three
(without caveats). VAEs and GANs are good at representation learning (i.e. at finding a
low-dimensional latent space). Autoregressive models are great if you want to estimate the
likelihood of your data points (e.g., for anomaly detection). Energy-based models can be an
especially efficient way to model an unnormalized density.

For 1D Gaussians

Z = 1√
2πθ2

. We prefer to

write it as Z to
emphasize its structural
role as a normalization

constant. Usually we will
not be explicitly

evaluating normalization
constants, and will not

require knowing their
analytical form.

This density has two parameters θ1 and θ2, which are the mean and variance of the distri-
bution. The normalization constant Z ensures that the function is normalized. This is the
typical strategy in defining density models: create a parameterized family of functions such
that any function in the family is a normalized. Given such a family, we search over the
parameters to optimize a generative modeling objective.

For density models, the most common objective is max likelihood:

Ex∼pdata [log pθ(x)] ≈ 1

N

N∑

i=1

log pθ(x
(i)) (1.26)

For a 1D Gaussian, this has a simple form:

1

N

N∑

i=1

log
1

Z
e−(x

(i)−θ1)2/(2θ2) = − log(Z) +
1

N

N∑

i=1

(x(i) − θ1)2/(2θ2) (1.27)

Optimizing w.r.t. θ1 and θ2 could be done via gradient descent or random search, but in this
case there is also an analytical solution we can find by setting the gradient to be zero. For
θ∗1 we have:

∂ − logZ + 1
N

∑N
i=1(x(i) − θ∗1)2/(2θ∗2)

∂θ∗1
= 0 (1.28)

1

N

N∑

i=1

2(x(i) − θ∗1)/(2θ∗2) = 0 (1.29)

N∑

i=1

x(i) −
N∑

i=1

θ∗1 = 0 (1.30)

θ∗1 =
1

N

N∑

i=1

x(i) (1.31)
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For θ∗2 we need to note that Z depends on θ∗2 and in particular notice that ∂−logZ
∂θ∗2

= 1
2θ∗2

:

∂ − logZ + 1
N

∑N
i=1(x(i) − θ∗1)2/(2θ∗2)

∂θ∗2
= 0 (1.32)

1

2θ∗2
− 1

N

N∑

i=1

2(x(i) − θ∗1)2/(2θ∗2)2 = 0 (1.33)

2θ∗2 −
1

N

N∑

i=1

2(x(i) − θ∗1)2 = 0 (1.34)

θ∗2 =
1

N

N∑

i=1

(x(i) − θ∗1)2 (1.35)

You might recognize the solutions for θ∗1 and θ∗2 as, repsectively, the empirical mean and
variance of the data. This makes sense: we have just shown that to maximize the probability
of the data under a Gaussian, we should set the mean and variance of the Gaussian to be
the empirical mean and variance of the data.

This fully describes the learning problem, and solution, for a 1D Gaussian density model.
We can put it all together in the learning diagram below:

1D Gaussian density model

Objective
1
N

∑N
i=1 log pθ(x

(i))

Hypothesis space

pθ(x) = 1
Z e
−(x−θ1)2/(2θ2)

Optimizer

θ∗1 = 1
N

∑N
i=1 x

(i)

θ∗2 = 1
N

∑N
i=1(x(i) − θ∗1)2

Data

{x(i)}Ni=1→ pθ→

Gaussian density models are just about the simplest density models one can come up with.
You may be wondering, do we actually use them for anything in computer vision, or are they
just a toy example? The answer is that yes we do use them, and all the time. For example,
in least-squares regression, we are simply fitting a Gaussian density to the conditional prob-
ability p(y|x). If we want a more complicated density, we may use a mixture of Gaussians,
which we will encounter in the next chapter. It’s useful to get comfortable with Gaussian
fits because 1) they are a subcomponent of many more sophisticated models, and 2) they
showcase all the key components of density modeling, with a clear objective, a parameterized
hypothesis space, and an optimizer that finds the parameters that maximize the objective.

1.2.2 Autoregressive density models

A single Gaussian is a very limited model, and the real utility of Gaussians only shows up
when they are part of a larger modeling framework. Next we will consider a recipe for
building highly expressive models out of simple ones. There are many such recipes and the
one we focus on here is called an autoregressive model.

The idea of an autoregressive model is to synthesize an image pixel by pixel. Each new
pixel is decided on based on the sequence already generated. You can think of this as a
simple sequence prediction problem: given a sequence of observed pixels, predict the color
of the next one. We use the same learned function f to make each subsequent prediction:

Here we have a partially
synthesized image. The
red pixels are the
remaining pixels to
synthesize. The
autogressive function f
predicts each next pixel
given the set synthesized
so far. It can be
repeatedly applied to
complete the image.
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These models can be easily understood by first considering the problem of synthesizing one
pixel, then two, and so on. The first observation to make is that it’s pretty easy to synthesize
a single grayscale pixel. Such a pixel can take on 256 possible values (for a standard 8-bit
grayscale image). So it suffices to use a categorical distribution to represent the probability
that the pixel takes on each of these possible values. The categorical distribution is fully
expressive: any possible pmf over the 256 values can be represented with the categorical
distribution. Fitting this categorical distribution to training data just amounts to counting
how often we observe each of the 256 values in the training pixels, and normalizing by the
total number of training pixels. So we know how to model one grayscale pixel. We can
sample from this distribution to synthesize a random 1-pixel image.

How do we model the distribution over a second grayscale pixel given the first? In fact,
we already know how to model this setting; mathematically, we are just trying to model
p(x2|x1) where x1 is the first pixel and x2 is the second. Treating x2 as a categorical
variable (just like x1), we can simply use a softmax regression, which we saw in Chapter ??.
In that chapter we were modeling a K-way categorical distribution over K object classes,
conditioned on an input image. Now we can use exactly the same tools to model a 256-way
distribution over a the second pixel in a sequence conditioned on the first.

What about the third pixel, conditioned on the first two? Well, this is again a problem
of the same form: a 256-way softmax regression conditioned on some observations. Now you
can see the induction: modeling each next pixel in the sequence that forms the image is a
softmax regression problem that models p(xn|x1, . . . ,xn−1). In fact, it looks almost identical
to Figure ?? in Chapter ??:
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0 1

…
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xn
<latexit sha1_base64="NEqcSgvVdiYNMT3e3vfZTfnIuzA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuaSYYko5Zh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJde53HqjSTIo7M42pH+GRYCEj2Fjpvh9hMw7C9CkbpCIbVGtu3Z0BLROvIDUo0BxUv/pDSZKICkM41rrnubHxU6wMI5xmlX6iaYzJBI9oz1KBI6r9dJY6QydWGaJQKvuEQTP190aKI62nUWAn85R60cvF/7xeYsJLP2UiTgwVZH4oTDgyEuUVoCFTlBg+tQQTxWxWRMZYYWJsURVbgrf45WXSPqt7bt27Pa81roo6ynAEx3AKHlxAA26gCS0goOAZXuHNeXRenHfnYz5acoqdQ/gD5/MHU2aTCQ==</latexit><latexit sha1_base64="IYTkgzSO0wB0ZCxojdc1faITPZE=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg1NMkOSEcsw/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pwg5kwb1/1ySkvLK6tr5fXKxubW9k51d6+lo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+zP32PVWaRfLWTGLqCzyULGQEGyvd9QQ2oyBMH7J+KrN+tebW3SnQIvEKUoMC/xvvVz96g4gkgkpDONa667mx8VOsDCOcZpVeommMyRgPaddSiQXVfjqNlqEjqwxQGCn7pEFT9edGioXWExHYyTyKnvdy8S+vm5jw3E+ZjBNDJZkdChOOTITyntCAKUoMn1iCiWL2r4iMsMLE2DYrNro3H3SRtE7qnlv3bk5rjYuiszIcwCEcgwdn0IAruIYmEFDwCM/w6jw5L86b8z4bLTnFzj78gvP5DYkqmoI=</latexit><latexit sha1_base64="IYTkgzSO0wB0ZCxojdc1faITPZE=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg1NMkOSEcsw/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pwg5kwb1/1ySkvLK6tr5fXKxubW9k51d6+lo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+zP32PVWaRfLWTGLqCzyULGQEGyvd9QQ2oyBMH7J+KrN+tebW3SnQIvEKUoMC/xvvVz96g4gkgkpDONa667mx8VOsDCOcZpVeommMyRgPaddSiQXVfjqNlqEjqwxQGCn7pEFT9edGioXWExHYyTyKnvdy8S+vm5jw3E+ZjBNDJZkdChOOTITyntCAKUoMn1iCiWL2r4iMsMLE2DYrNro3H3SRtE7qnlv3bk5rjYuiszIcwCEcgwdn0IAruIYmEFDwCM/w6jw5L86b8z4bLTnFzj78gvP5DYkqmoI=</latexit><latexit sha1_base64="IYTkgzSO0wB0ZCxojdc1faITPZE=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg1NMkOSEcsw/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pwg5kwb1/1ySkvLK6tr5fXKxubW9k51d6+lo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+zP32PVWaRfLWTGLqCzyULGQEGyvd9QQ2oyBMH7J+KrN+tebW3SnQIvEKUoMC/xvvVz96g4gkgkpDONa667mx8VOsDCOcZpVeommMyRgPaddSiQXVfjqNlqEjqwxQGCn7pEFT9edGioXWExHYyTyKnvdy8S+vm5jw3E+ZjBNDJZkdChOOTITyntCAKUoMn1iCiWL2r4iMsMLE2DYrNro3H3SRtE7qnlv3bk5rjYuiszIcwCEcgwdn0IAruIYmEFDwCM/w6jw5L86b8z4bLTnFzj78gvP5DYkqmoI=</latexit>

x1, . . . ,xn�1
<latexit sha1_base64="znjXy0+k6Y6LgLBlKwLGl2a8VrY=">AAACEXicbVC7TsMwFHXKq5RXgJHFokLqAFWCkGCsYGEsEn1ITRQ5jtNadZzIdhBVlF9g4VdYGECIlY2Nv8FpM5SWI1k+Oude3XuPnzAqlWX9GJWV1bX1jepmbWt7Z3fP3D/oyjgVmHRwzGLR95EkjHLSUVQx0k8EQZHPSM8f3xR+74EISWN+ryYJcSM05DSkGCkteWbDiZAa+WH2mHuZnZ9ChwWxkvqf0/mZnXtm3WpaU8BlYpekDkq0PfPbCWKcRoQrzJCUA9tKlJshoShmJK85qSQJwmM0JANNOYqIdLPpRTk80UoAw1joxxWcqvMdGYqknES+riz2lIteIf7nDVIVXrkZ5UmqCMezQWHKoIphEQ8MqCBYsYkmCAuqd4V4hATCSodY0yHYiycvk+5507aa9t1FvXVdxlEFR+AYNIANLkEL3II26AAMnsALeAPvxrPxanwYn7PSilH2HII/ML5+AZwFnXw=</latexit><latexit sha1_base64="4azmvVdzS4TRwLXAxwNO+gJO+b8=">AAACNnicjVC9TsMwGHTKXyl/AUYWiwqpA1QJQoKxgoURJPojNVHkOE5r1XEi20FUUV6Bp2Fg4SXYWFgQYuURcNoMpWXgkyyf7u6TfecnjEplWW9GZWl5ZXWtul7b2Nza3jF39zoyTgUmbRyzWPR8JAmjnLQVVYz0EkFQ5DPS9UdXhd69J0LSmN+pcULcCA04DSlGSlOe2XAipIZ+mD3kXmbnx9BhQaykvmd4fmLnnlm3mtZk4CKwS1AH5fzP7pmvThDjNCJcYYak7NtWotwMCUUxI3nNSSVJEB6hAelryFFEpJtNYufwSDMBDGOhD1dwws5uZCiSchz52lmEkfNaQf6l9VMVXrgZ5UmqCMfTh8KUQRXDokMYUEGwYmMNEBZU/xXiIRIIK910TUe354Mugs5p07aa9u1ZvXVZdlYFB+AQNIANzkELXIMb0AYYPIIn8AI+jGfj3fg0vqbWilHu7INfY3z/ADAapPU=</latexit><latexit sha1_base64="4azmvVdzS4TRwLXAxwNO+gJO+b8=">AAACNnicjVC9TsMwGHTKXyl/AUYWiwqpA1QJQoKxgoURJPojNVHkOE5r1XEi20FUUV6Bp2Fg4SXYWFgQYuURcNoMpWXgkyyf7u6TfecnjEplWW9GZWl5ZXWtul7b2Nza3jF39zoyTgUmbRyzWPR8JAmjnLQVVYz0EkFQ5DPS9UdXhd69J0LSmN+pcULcCA04DSlGSlOe2XAipIZ+mD3kXmbnx9BhQaykvmd4fmLnnlm3mtZk4CKwS1AH5fzP7pmvThDjNCJcYYak7NtWotwMCUUxI3nNSSVJEB6hAelryFFEpJtNYufwSDMBDGOhD1dwws5uZCiSchz52lmEkfNaQf6l9VMVXrgZ5UmqCMfTh8KUQRXDokMYUEGwYmMNEBZU/xXiIRIIK910TUe354Mugs5p07aa9u1ZvXVZdlYFB+AQNIANzkELXIMb0AYYPIIn8AI+jGfj3fg0vqbWilHu7INfY3z/ADAapPU=</latexit><latexit sha1_base64="4azmvVdzS4TRwLXAxwNO+gJO+b8=">AAACNnicjVC9TsMwGHTKXyl/AUYWiwqpA1QJQoKxgoURJPojNVHkOE5r1XEi20FUUV6Bp2Fg4SXYWFgQYuURcNoMpWXgkyyf7u6TfecnjEplWW9GZWl5ZXWtul7b2Nza3jF39zoyTgUmbRyzWPR8JAmjnLQVVYz0EkFQ5DPS9UdXhd69J0LSmN+pcULcCA04DSlGSlOe2XAipIZ+mD3kXmbnx9BhQaykvmd4fmLnnlm3mtZk4CKwS1AH5fzP7pmvThDjNCJcYYak7NtWotwMCUUxI3nNSSVJEB6hAelryFFEpJtNYufwSDMBDGOhD1dwws5uZCiSchz52lmEkfNaQf6l9VMVXrgZ5UmqCMfTh8KUQRXDokMYUEGwYmMNEBZU/xXiIRIIK910TUe354Mugs5p07aa9u1ZvXVZdlYFB+AQNIANzkELXIMb0AYYPIIn8AI+jGfj3fg0vqbWilHu7INfY3z/ADAapPU=</latexit>

x̂n
<latexit sha1_base64="tuZYpdb5xpUrPFc3v9Np5ovJ474=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURQZdFNy4r2FZoQplMJ+3QySTMTMQagr/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZEyScKe0431ZlaXllda26XtvY3NresXf3OipOJaFtEvNY3gVYUc4EbWumOb1LJMVRwGk3GF8VfveeSsVicasnCfUjPBQsZARrI/XtA2+EdeZFWI+CMHvI834m8r5ddxrOFGiRuCWpQ4lW3/7yBjFJIyo04Vipnusk2s+w1Ixwmte8VNEEkzEe0p6hAkdU+dk0fY6OjTJAYSzNExpN1d8bGY6UmkSBmSxiqnmvEP/zeqkOL/yMiSTVVJDZoTDlSMeoqAINmKRE84khmEhmsiIywhITbQqrmRLc+S8vks5pw3Ua7s1ZvXlZ1lGFQziCE3DhHJpwDS1oA4FHeIZXeLOerBfr3fqYjVascmcf/sD6/AG3E5YH</latexit><latexit sha1_base64="8QdJDkrA1hgbV1FJgIs/iQLR9cI=">AAACInicjVDLSsNAFL3xWesrPnZuBovgqiQi6LLoxqWCfUBTwmQ6aYdOJmFmItaQf3Hhxl9xI+pK8GOctFlo68IDA4dz7uXOOUHCmdKO82ktLC4tr6xW1qrrG5tb2/bObkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bweiy8Nt3VCoWi1s9TmgvwgPBQkawNpJv73tDrDMvwnoYhNl9nvuZyH275tSdCdA8cUtSgxL/G/ftd68fkzSiQhOOleq6TqJ7GZaaEU7zqpcqmmAywgPaNVTgiKpeNomYoyOj9FEYS/OERhP150aGI6XGUWAmiyxq1ivEv7xuqsPzXsZEkmoqyPRQmHKkY1T0hfpMUqL52BBMJDN/RWSIJSbatFo10d3ZoPOkdVJ3nbp7c1prXJSdVeAADuEYXDiDBlzBNTSBwAM8wjO8Wk/Wi/VmfUxHF6xyZw9+wfr6BlE0nYA=</latexit><latexit sha1_base64="8QdJDkrA1hgbV1FJgIs/iQLR9cI=">AAACInicjVDLSsNAFL3xWesrPnZuBovgqiQi6LLoxqWCfUBTwmQ6aYdOJmFmItaQf3Hhxl9xI+pK8GOctFlo68IDA4dz7uXOOUHCmdKO82ktLC4tr6xW1qrrG5tb2/bObkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bweiy8Nt3VCoWi1s9TmgvwgPBQkawNpJv73tDrDMvwnoYhNl9nvuZyH275tSdCdA8cUtSgxL/G/ftd68fkzSiQhOOleq6TqJ7GZaaEU7zqpcqmmAywgPaNVTgiKpeNomYoyOj9FEYS/OERhP150aGI6XGUWAmiyxq1ivEv7xuqsPzXsZEkmoqyPRQmHKkY1T0hfpMUqL52BBMJDN/RWSIJSbatFo10d3ZoPOkdVJ3nbp7c1prXJSdVeAADuEYXDiDBlzBNTSBwAM8wjO8Wk/Wi/VmfUxHF6xyZw9+wfr6BlE0nYA=</latexit><latexit sha1_base64="8QdJDkrA1hgbV1FJgIs/iQLR9cI=">AAACInicjVDLSsNAFL3xWesrPnZuBovgqiQi6LLoxqWCfUBTwmQ6aYdOJmFmItaQf3Hhxl9xI+pK8GOctFlo68IDA4dz7uXOOUHCmdKO82ktLC4tr6xW1qrrG5tb2/bObkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bweiy8Nt3VCoWi1s9TmgvwgPBQkawNpJv73tDrDMvwnoYhNl9nvuZyH275tSdCdA8cUtSgxL/G/ftd68fkzSiQhOOleq6TqJ7GZaaEU7zqpcqmmAywgPaNVTgiKpeNomYoyOj9FEYS/OERhP150aGI6XGUWAmiyxq1ivEv7xuqsPzXsZEkmoqyPRQmHKkY1T0hfpMUqL52BBMJDN/RWSIJSbatFo10d3ZoPOkdVJ3nbp7c1prXJSdVeAADuEYXDiDBlzBNTSBwAM8wjO8Wk/Wi/VmfUxHF6xyZw9+wfr6BlE0nYA=</latexit>

f : X ! R256
<latexit sha1_base64="XeG/aTuckCjkqyUmYrKyXSYqY5Q=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiCUJLiC1dFNy6r2Ac0sUymk3boZCbMTJQS8hFu/BU3LhRx68Kdf+Ok7UJbD1w4nHMv994TxIwq7Tjf1tz8wuLScmGluLq2vrFpb203lEgkJnUsmJCtACnCKCd1TTUjrVgSFAWMNIPBZe4374lUVPBbPYyJH6EepyHFSBupYx+G59CLkO5jxNJWBj1Je32NpBQPYz0I0pvsLq0cn2Qdu+SUnRHgLHEnpAQmqHXsL68rcBIRrjFDSrVdJ9Z+iqSmmJGs6CWKxAgPUI+0DeUoIspPR09lcN8oXRgKaYprOFJ/T6QoUmoYBaYzv1NNe7n4n9dOdHjmp5THiSYcjxeFCYNawDwh2KWSYM2GhiAsqbkV4j6SCGuTY9GE4E6/PEsalbLrlN3ro1L1YhJHAeyCPXAAXHAKquAK1EAdYPAInsEreLOerBfr3foYt85Zk5kd8AfW5w+gAJ6L</latexit><latexit sha1_base64="Oy6KLwJbOeE/Eyrr86gcYoZCGdQ=">AAACOXicjVDLSgMxFM34rPU16tJNsAiCUGaKL1wV3bhUsQ/ojCWTZtrQTDIkGaUM8xF+jQs3foM7l25E3PoDZtoutHXhgcDhnHu5OSeIGVXacV6tmdm5+YXFwlJxeWV1bd3e2KwrkUhMalgwIZsBUoRRTmqaakaasSQoChhpBP3z3G/cEamo4Dd6EBM/Ql1OQ4qRNlLb3g9PoRch3cOIpc0MepJ2expJKe5HehCk19ltWjk8ytp2ySk7Q8Bp4o5JCYzxv/G2/eJ1BE4iwjVmSKmW68TaT5HUFDOSFb1EkRjhPuqSlqEcRUT56TB5BneN0oGhkOZxDYfqz40URUoNosBM5mHUpJeLf3mtRIcnfkp5nGjC8ehQmDCoBcxrhB0qCdZsYAjCkpq/QtxDEmFtyi6a6O5k0GlSr5Rdp+xeHZSqZ+POCmAb7IA94IJjUAUX4BLUAAYP4BE8g3fryXqzPqzP0eiMNd7ZAr9gfX0DV1mmBA==</latexit><latexit sha1_base64="Oy6KLwJbOeE/Eyrr86gcYoZCGdQ=">AAACOXicjVDLSgMxFM34rPU16tJNsAiCUGaKL1wV3bhUsQ/ojCWTZtrQTDIkGaUM8xF+jQs3foM7l25E3PoDZtoutHXhgcDhnHu5OSeIGVXacV6tmdm5+YXFwlJxeWV1bd3e2KwrkUhMalgwIZsBUoRRTmqaakaasSQoChhpBP3z3G/cEamo4Dd6EBM/Ql1OQ4qRNlLb3g9PoRch3cOIpc0MepJ2expJKe5HehCk19ltWjk8ytp2ySk7Q8Bp4o5JCYzxv/G2/eJ1BE4iwjVmSKmW68TaT5HUFDOSFb1EkRjhPuqSlqEcRUT56TB5BneN0oGhkOZxDYfqz40URUoNosBM5mHUpJeLf3mtRIcnfkp5nGjC8ehQmDCoBcxrhB0qCdZsYAjCkpq/QtxDEmFtyi6a6O5k0GlSr5Rdp+xeHZSqZ+POCmAb7IA94IJjUAUX4BLUAAYP4BE8g3fryXqzPqzP0eiMNd7ZAr9gfX0DV1mmBA==</latexit><latexit sha1_base64="Oy6KLwJbOeE/Eyrr86gcYoZCGdQ=">AAACOXicjVDLSgMxFM34rPU16tJNsAiCUGaKL1wV3bhUsQ/ojCWTZtrQTDIkGaUM8xF+jQs3foM7l25E3PoDZtoutHXhgcDhnHu5OSeIGVXacV6tmdm5+YXFwlJxeWV1bd3e2KwrkUhMalgwIZsBUoRRTmqaakaasSQoChhpBP3z3G/cEamo4Dd6EBM/Ql1OQ4qRNlLb3g9PoRch3cOIpc0MepJ2expJKe5HehCk19ltWjk8ytp2ySk7Q8Bp4o5JCYzxv/G2/eJ1BE4iwjVmSKmW68TaT5HUFDOSFb1EkRjhPuqSlqEcRUT56TB5BneN0oGhkOZxDYfqz40URUoNosBM5mHUpJeLf3mtRIcnfkp5nGjC8ehQmDCoBcxrhB0qCdZsYAjCkpq/QtxDEmFtyi6a6O5k0GlSr5Rdp+xeHZSqZ+POCmAb7IA94IJjUAUX4BLUAAYP4BE8g3fryXqzPqzP0eiMNd7ZAr9gfX0DV1mmBA==</latexit>

H(xn, x̂n) = �
256X

k=1

xnk
log x̂nk

<latexit sha1_base64="Z0Tieu24L38EPzo+LbO0LwJ4DAs="></latexit><latexit sha1_base64="sS1LZJlc0PhzNEX7bnkZpmyi7qU="></latexit><latexit sha1_base64="sS1LZJlc0PhzNEX7bnkZpmyi7qU="></latexit><latexit sha1_base64="sS1LZJlc0PhzNEX7bnkZpmyi7qU="></latexit>

- log prob LossProb1
<latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="z3MPlMVKwDt6VXp5+ofTHIRoWpw=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZiezyZjZ2WXmrrAs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCRAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2miVPNeIPFMtbtgBouheINFCh5O9GcRoHkrWB0NfFbD1wbEas7zBLuR3SgRCgYRSs1u0KFmPUqVbfmTkEWiVeQKhT4X7xX+ez2Y5ZGXCGT1JiO5ybo51SjYJKPy93U8ISyER3wjqWKRtz4+fSkMTm2Sp+EsbZPIZmqPydyGhmTRYFNRhSHZt6biH95nRTDCz8XKkmRKzZbFKaSYEwm/ZC+0JyhzCyhTAv7V8KGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb3W6lrU=</latexit><latexit sha1_base64="z3MPlMVKwDt6VXp5+ofTHIRoWpw=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZiezyZjZ2WXmrrAs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCRAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2miVPNeIPFMtbtgBouheINFCh5O9GcRoHkrWB0NfFbD1wbEas7zBLuR3SgRCgYRSs1u0KFmPUqVbfmTkEWiVeQKhT4X7xX+ez2Y5ZGXCGT1JiO5ybo51SjYJKPy93U8ISyER3wjqWKRtz4+fSkMTm2Sp+EsbZPIZmqPydyGhmTRYFNRhSHZt6biH95nRTDCz8XKkmRKzZbFKaSYEwm/ZC+0JyhzCyhTAv7V8KGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb3W6lrU=</latexit><latexit sha1_base64="z3MPlMVKwDt6VXp5+ofTHIRoWpw=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZiezyZjZ2WXmrrAs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCRAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2miVPNeIPFMtbtgBouheINFCh5O9GcRoHkrWB0NfFbD1wbEas7zBLuR3SgRCgYRSs1u0KFmPUqVbfmTkEWiVeQKhT4X7xX+ez2Y5ZGXCGT1JiO5ybo51SjYJKPy93U8ISyER3wjqWKRtz4+fSkMTm2Sp+EsbZPIZmqPydyGhmTRYFNRhSHZt6biH95nRTDCz8XKkmRKzZbFKaSYEwm/ZC+0JyhzCyhTAv7V8KGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb3W6lrU=</latexit>

You might be wondering: how do we turn an image into a sequence of pixels? Good
question! There are innumerable ways, but the simplest is often good enough: just vectorize
the 2D grid of pixels by first listing the first row of pixels, then the second row, and so forth.
In general, any fixed ordering of the pixels into a sequence is actually valid, but this simple
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method is perhaps the most common.
So we can model the probability of each subsequent pixel given the preceding pixels.

To generate an image we can sample a value for the first pixel, then the second given the
first, then the third given the first and second, and so forth. But is this a valid model of
p(X) = p(x1, . . . ,xn), the probability distribution of the full set of pixels? Does this way of
sequential sampling draw a valid sample from p(X)? It turns out it does, according tothe
chain rule of probability. This rule allows us to factorize any joint distribution into a
product of conditionals as follows:

As a notational
convenience, we define
here that
p(xi|x1, . . . ,xi−1) =
p(x1) when i = 1.

p(X) = p(xn|x1, . . . ,xn−1)p(xn−1|x1, . . . ,xn−2) . . . p(x2|x1)p(x1) (1.36)

p(X) =

n∏

i=1

p(xi|x1, . . . ,xi−1) (1.37)

This factorization demonstrates that sampling from such a model can be indeed done in
sequence because all the conditional distributions are independent of each other, and we just
take a product over all of them. This sampling method is also called ancestral sampling
(sample your ancestors first, then each next “generation” given the preceding generation).

To train an autogressive a model, you just need to extract supervised pairs of desired
input-output behavior, as usual. For an autoregressive model of pixels, that means extracting
sequences of pixels x1, . . . ,xn−1 and corresponding observed next pixel xn. These can be
extracted by traversing images in raster order. The full training and testing setup looks like
this:

!
<latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit>

!
<latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit>

(

<latexit sha1_base64="q4WCp+vNSk6GA1s6N0x45fCcZO8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ac0oWy203TpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6lGwSW2DTcCe6lCGocCu+Hkbu53n1BpnshHM00xiGkk+YgzaqzU9Zs8ivx8UK25dXcBsk68gtSgQGtQ/fKHCctilIYJqnXfc1MT5FQZzgTOKn6mMaVsQiPsWyppjDrIF+fOyIVVhmSUKFvSkIX6eyKnsdbTOLSdMTVjverNxf+8fmZGt0HOZZoZlGy5aJQJYhIy/50MuUJmxNQSyhS3txI2pooyYxOq2BC81ZfXSeeq7rl17+G61mgWcZThDM7hEjy4gQbcQwvawGACz/AKb07qvDjvzseyteQUM6fwB87nDyI/j2w=</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit>

(

<latexit sha1_base64="q4WCp+vNSk6GA1s6N0x45fCcZO8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ac0oWy203TpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6lGwSW2DTcCe6lCGocCu+Hkbu53n1BpnshHM00xiGkk+YgzaqzU9Zs8ivx8UK25dXcBsk68gtSgQGtQ/fKHCctilIYJqnXfc1MT5FQZzgTOKn6mMaVsQiPsWyppjDrIF+fOyIVVhmSUKFvSkIX6eyKnsdbTOLSdMTVjverNxf+8fmZGt0HOZZoZlGy5aJQJYhIy/50MuUJmxNQSyhS3txI2pooyYxOq2BC81ZfXSeeq7rl17+G61mgWcZThDM7hEjy4gQbcQwvawGACz/AKb07qvDjvzseyteQUM6fwB87nDyI/j2w=</latexit> <latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit> <latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit> <latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit>

,
,
,
,

Learner
<latexit sha1_base64="EHTz7C4fqz2wFVyEFTn6ZACLM4k=">AAAB7nicbVA9SwNBEJ2LXzF+nVraLAbBKtyl0TJoY2ERwXxAcoS9zVyyZG/v2N0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpgKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wcjv3O0+oNE/ko5mmGMR0JHnEGTVW6twjVRLVwK16NW8Bsk78glShQHPgfvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w7IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE10HOZZoZlGy5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAj+6svrpF2v+V7Nf6hXGzdFHGU4g3O4BB+uoAF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A036j4c=</latexit><latexit sha1_base64="EHTz7C4fqz2wFVyEFTn6ZACLM4k=">AAAB7nicbVA9SwNBEJ2LXzF+nVraLAbBKtyl0TJoY2ERwXxAcoS9zVyyZG/v2N0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpgKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wcjv3O0+oNE/ko5mmGMR0JHnEGTVW6twjVRLVwK16NW8Bsk78glShQHPgfvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w7IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE10HOZZoZlGy5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAj+6svrpF2v+V7Nf6hXGzdFHGU4g3O4BB+uoAF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A036j4c=</latexit><latexit sha1_base64="EHTz7C4fqz2wFVyEFTn6ZACLM4k=">AAAB7nicbVA9SwNBEJ2LXzF+nVraLAbBKtyl0TJoY2ERwXxAcoS9zVyyZG/v2N0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpgKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wcjv3O0+oNE/ko5mmGMR0JHnEGTVW6twjVRLVwK16NW8Bsk78glShQHPgfvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w7IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE10HOZZoZlGy5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAj+6svrpF2v+V7Nf6hXGzdFHGU4g3O4BB+uoAF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A036j4c=</latexit><latexit sha1_base64="EHTz7C4fqz2wFVyEFTn6ZACLM4k=">AAAB7nicbVA9SwNBEJ2LXzF+nVraLAbBKtyl0TJoY2ERwXxAcoS9zVyyZG/v2N0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpgKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wcjv3O0+oNE/ko5mmGMR0JHnEGTVW6twjVRLVwK16NW8Bsk78glShQHPgfvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w7IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE10HOZZoZlGy5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAj+6svrpF2v+V7Nf6hXGzdFHGU4g3O4BB+uoAF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A036j4c=</latexit>

!
<latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit>

!
<latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit>
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<latexit sha1_base64="njAQj444Og2vP6pxJWF5hHmGmMk=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswl0aLYM2lhHNByRH2NvsJUt2987dOSGE/AkbC0Vs/Tt2/hs3yRWa+GDg8d4MM/OiVAqLvv/tra1vbG5tF3aKu3v7B4elo+OmTTLDeIMlMjHtiFouheYNFCh5OzWcqkjyVjS6mfmtJ26sSPQDjlMeKjrQIhaMopPa91S5LXrQK5X9ij8HWSVBTsqQo94rfXX7CcsU18gktbYT+CmGE2pQMMmnxW5meUrZiA54x1FNFbfhZH7vlJw7pU/ixLjSSObq74kJVdaOVeQ6FcWhXfZm4n9eJ8P4KpwInWbINVssijNJMCGz50lfGM5Qjh2hzAh3K2FDaihDF1HRhRAsv7xKmtVK4FeCu2q5dp3HUYBTOIMLCOASanALdWgAAwnP8Apv3qP34r17H4vWNS+fOYE/8D5/ACLVkAM=</latexit><latexit sha1_base64="Aj9KcFM1SaOsijOddBZodfEW3RA=">AAACFHicjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbS0XzgGQJdyezyZCZ2WVmVgghP2Fh46/YiNha2Pk3TpItNLHwwMDhnHu5c06UCm6s7395K6tr6xubha3i9s7u3n7p4LBhkkxTVqeJSHQrQsMEV6xuuRWslWqGMhKsGQ2vpn7zgWnDE3VvRykLJfYVjzlF66TWHUp3RfW7pbJf8WcgyyTISRly/G+8W/rs9BKaSaYsFWhMO/BTG45RW04FmxQ7mWEp0iH2WdtRhZKZcDwLNSGnTumRONHuKUtm6s+NMUpjRjJykxLtwCx6U/Evr53Z+CIcc5Vmlik6PxRngtiETBsiPa4ZtWLkCFLN3V8JHaBGal2PRRc9WAy6TBrVSuBXgttquXaZd1aAYziBMwjgHGpwDTdQBwoCHuEZXr0n78V7897noytevnMEv+B9fAPwxJd8</latexit><latexit sha1_base64="Aj9KcFM1SaOsijOddBZodfEW3RA=">AAACFHicjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbS0XzgGQJdyezyZCZ2WVmVgghP2Fh46/YiNha2Pk3TpItNLHwwMDhnHu5c06UCm6s7395K6tr6xubha3i9s7u3n7p4LBhkkxTVqeJSHQrQsMEV6xuuRWslWqGMhKsGQ2vpn7zgWnDE3VvRykLJfYVjzlF66TWHUp3RfW7pbJf8WcgyyTISRly/G+8W/rs9BKaSaYsFWhMO/BTG45RW04FmxQ7mWEp0iH2WdtRhZKZcDwLNSGnTumRONHuKUtm6s+NMUpjRjJykxLtwCx6U/Evr53Z+CIcc5Vmlik6PxRngtiETBsiPa4ZtWLkCFLN3V8JHaBGal2PRRc9WAy6TBrVSuBXgttquXaZd1aAYziBMwjgHGpwDTdQBwoCHuEZXr0n78V7897noytevnMEv+B9fAPwxJd8</latexit><latexit sha1_base64="Aj9KcFM1SaOsijOddBZodfEW3RA=">AAACFHicjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbS0XzgGQJdyezyZCZ2WVmVgghP2Fh46/YiNha2Pk3TpItNLHwwMDhnHu5c06UCm6s7395K6tr6xubha3i9s7u3n7p4LBhkkxTVqeJSHQrQsMEV6xuuRWslWqGMhKsGQ2vpn7zgWnDE3VvRykLJfYVjzlF66TWHUp3RfW7pbJf8WcgyyTISRly/G+8W/rs9BKaSaYsFWhMO/BTG45RW04FmxQ7mWEp0iH2WdtRhZKZcDwLNSGnTumRONHuKUtm6s+NMUpjRjJykxLtwCx6U/Evr53Z+CIcc5Vmlik6PxRngtiETBsiPa4ZtWLkCFLN3V8JHaBGal2PRRc9WAy6TBrVSuBXgttquXaZd1aAYziBMwjgHGpwDTdQBwoCHuEZXr0n78V7897noytevnMEv+B9fAPwxJd8</latexit>
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<latexit sha1_base64="TRc/X31uf+rkNQ2GCCLPpvHdBuU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SmDJoYxkhX5AcYW+zlyzZ2zt354Rw5E/YWChi69+x89+4Sa7QxAcDj/dmmJkXJFIYdN1vp7C1vbO7V9wvHRweHZ+UT886Jk41420Wy1j3Amq4FIq3UaDkvURzGgWSd4Pp3cLvPnFtRKxaOEu4H9GxEqFgFK3Ua2kqlFDjYbniVt0lyCbxclKBHM1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8t75+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY1v1MqCRFrthqUZhKgjFZPE9GQnOGcmYJZVrYWwmbUE0Z2ohKNgRv/eVN0qlVPbfqPdQqjds8jiJcwCVcgwc30IB7aEIbGEh4hld4cx6dF+fd+Vi1Fpx85hz+wPn8ASR0kAQ=</latexit><latexit sha1_base64="TRc/X31uf+rkNQ2GCCLPpvHdBuU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SmDJoYxkhX5AcYW+zlyzZ2zt354Rw5E/YWChi69+x89+4Sa7QxAcDj/dmmJkXJFIYdN1vp7C1vbO7V9wvHRweHZ+UT886Jk41420Wy1j3Amq4FIq3UaDkvURzGgWSd4Pp3cLvPnFtRKxaOEu4H9GxEqFgFK3Ua2kqlFDjYbniVt0lyCbxclKBHM1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8t75+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY1v1MqCRFrthqUZhKgjFZPE9GQnOGcmYJZVrYWwmbUE0Z2ohKNgRv/eVN0qlVPbfqPdQqjds8jiJcwCVcgwc30IB7aEIbGEh4hld4cx6dF+fd+Vi1Fpx85hz+wPn8ASR0kAQ=</latexit><latexit sha1_base64="TRc/X31uf+rkNQ2GCCLPpvHdBuU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SmDJoYxkhX5AcYW+zlyzZ2zt354Rw5E/YWChi69+x89+4Sa7QxAcDj/dmmJkXJFIYdN1vp7C1vbO7V9wvHRweHZ+UT886Jk41420Wy1j3Amq4FIq3UaDkvURzGgWSd4Pp3cLvPnFtRKxaOEu4H9GxEqFgFK3Ua2kqlFDjYbniVt0lyCbxclKBHM1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8t75+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY1v1MqCRFrthqUZhKgjFZPE9GQnOGcmYJZVrYWwmbUE0Z2ohKNgRv/eVN0qlVPbfqPdQqjds8jiJcwCVcgwc30IB7aEIbGEh4hld4cx6dF+fd+Vi1Fpx85hz+wPn8ASR0kAQ=</latexit><latexit sha1_base64="TRc/X31uf+rkNQ2GCCLPpvHdBuU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SmDJoYxkhX5AcYW+zlyzZ2zt354Rw5E/YWChi69+x89+4Sa7QxAcDj/dmmJkXJFIYdN1vp7C1vbO7V9wvHRweHZ+UT886Jk41420Wy1j3Amq4FIq3UaDkvURzGgWSd4Pp3cLvPnFtRKxaOEu4H9GxEqFgFK3Ua2kqlFDjYbniVt0lyCbxclKBHM1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8t75+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY1v1MqCRFrthqUZhKgjFZPE9GQnOGcmYJZVrYWwmbUE0Z2ohKNgRv/eVN0qlVPbfqPdQqjds8jiJcwCVcgwc30IB7aEIbGEh4hld4cx6dF+fd+Vi1Fpx85hz+wPn8ASR0kAQ=</latexit>

Predictor
<latexit sha1_base64="+R+U7dKldTVrW+2u01d5L703cDY=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKezmosegF48RzEOSJczOziZD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFKWfG+v63V9rY3NreKe9W9vYPDo+qxycdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5nfvdJ6oNU/LBTlMaCjySLGEEWyc9tjSNGbFKD6s1v+4vgNZJUJAaFGgNq1+DWJFMUGkJx8b0Az+1YY61ZYTTWWWQGZpiMsEj2ndUYkFNmC8OnqELp8QoUdqVtGih/p7IsTBmKiLXKbAdm1VvLv7n9TObXIc5k2lmqSTLRUnGkVVo/j2KmabE8qkjmGjmbkVkjDUm1mVUcSEEqy+vk06jHvj14L5Ra94UcZThDM7hEgK4gibcQQvaQEDAM7zCm6e9F+/d+1i2lrxi5hT+wPv8AfYvkH4=</latexit><latexit sha1_base64="t8odHEcuZ7FPmmH/Qa/KBYIQVJQ=">AAACFXicjVC7SgNBFJ2NrxhfUUubwSBYhd00WgZtLCOYhyRLmJ2dTYbMY5m5K4SQr7Cw8VdsRGwFO//GSbKFJhYeGDiccy537olSwS34/pdXWFvf2Nwqbpd2dvf2D8qHRy2rM0NZk2qhTScilgmuWBM4CNZJDSMyEqwdja5nfvuBGcu1uoNxykJJBoonnBJw0n3DsJhT0KZfrvhVfw68SoKcVFCO/8X75c9erGkmmQIqiLXdwE8hnBADnAo2LfUyy1JCR2TAuo4qIpkNJ/OrpvjMKTFOtHFPAZ6rPycmRFo7lpFLSgJDu+zNxL+8bgbJZTjhKs2AKbpYlGQCg8azinDMDaMgxo4Qarj7K6ZDYggFV2TJnR4sH7pKWrVq4FeD21qlfpV3VkQn6BSdowBdoDq6QQ3URBRJ9Iie0av35L14b977Ilrw8plj9AvexzfUp5f3</latexit><latexit sha1_base64="t8odHEcuZ7FPmmH/Qa/KBYIQVJQ=">AAACFXicjVC7SgNBFJ2NrxhfUUubwSBYhd00WgZtLCOYhyRLmJ2dTYbMY5m5K4SQr7Cw8VdsRGwFO//GSbKFJhYeGDiccy537olSwS34/pdXWFvf2Nwqbpd2dvf2D8qHRy2rM0NZk2qhTScilgmuWBM4CNZJDSMyEqwdja5nfvuBGcu1uoNxykJJBoonnBJw0n3DsJhT0KZfrvhVfw68SoKcVFCO/8X75c9erGkmmQIqiLXdwE8hnBADnAo2LfUyy1JCR2TAuo4qIpkNJ/OrpvjMKTFOtHFPAZ6rPycmRFo7lpFLSgJDu+zNxL+8bgbJZTjhKs2AKbpYlGQCg8azinDMDaMgxo4Qarj7K6ZDYggFV2TJnR4sH7pKWrVq4FeD21qlfpV3VkQn6BSdowBdoDq6QQ3URBRJ9Iie0av35L14b977Ilrw8plj9AvexzfUp5f3</latexit><latexit sha1_base64="t8odHEcuZ7FPmmH/Qa/KBYIQVJQ=">AAACFXicjVC7SgNBFJ2NrxhfUUubwSBYhd00WgZtLCOYhyRLmJ2dTYbMY5m5K4SQr7Cw8VdsRGwFO//GSbKFJhYeGDiccy537olSwS34/pdXWFvf2Nwqbpd2dvf2D8qHRy2rM0NZk2qhTScilgmuWBM4CNZJDSMyEqwdja5nfvuBGcu1uoNxykJJBoonnBJw0n3DsJhT0KZfrvhVfw68SoKcVFCO/8X75c9erGkmmQIqiLXdwE8hnBADnAo2LfUyy1JCR2TAuo4qIpkNJ/OrpvjMKTFOtHFPAZ6rPycmRFo7lpFLSgJDu+zNxL+8bgbJZTjhKs2AKbpYlGQCg8azinDMDaMgxo4Qarj7K6ZDYggFV2TJnR4sH7pKWrVq4FeD21qlfpV3VkQn6BSdowBdoDq6QQ3URBRJ9Iie0av35L14b977Ilrw8plj9AvexzfUp5f3</latexit>

Predictor
<latexit sha1_base64="+R+U7dKldTVrW+2u01d5L703cDY=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKezmosegF48RzEOSJczOziZD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFKWfG+v63V9rY3NreKe9W9vYPDo+qxycdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5nfvdJ6oNU/LBTlMaCjySLGEEWyc9tjSNGbFKD6s1v+4vgNZJUJAaFGgNq1+DWJFMUGkJx8b0Az+1YY61ZYTTWWWQGZpiMsEj2ndUYkFNmC8OnqELp8QoUdqVtGih/p7IsTBmKiLXKbAdm1VvLv7n9TObXIc5k2lmqSTLRUnGkVVo/j2KmabE8qkjmGjmbkVkjDUm1mVUcSEEqy+vk06jHvj14L5Ra94UcZThDM7hEgK4gibcQQvaQEDAM7zCm6e9F+/d+1i2lrxi5hT+wPv8AfYvkH4=</latexit><latexit sha1_base64="t8odHEcuZ7FPmmH/Qa/KBYIQVJQ=">AAACFXicjVC7SgNBFJ2NrxhfUUubwSBYhd00WgZtLCOYhyRLmJ2dTYbMY5m5K4SQr7Cw8VdsRGwFO//GSbKFJhYeGDiccy537olSwS34/pdXWFvf2Nwqbpd2dvf2D8qHRy2rM0NZk2qhTScilgmuWBM4CNZJDSMyEqwdja5nfvuBGcu1uoNxykJJBoonnBJw0n3DsJhT0KZfrvhVfw68SoKcVFCO/8X75c9erGkmmQIqiLXdwE8hnBADnAo2LfUyy1JCR2TAuo4qIpkNJ/OrpvjMKTFOtHFPAZ6rPycmRFo7lpFLSgJDu+zNxL+8bgbJZTjhKs2AKbpYlGQCg8azinDMDaMgxo4Qarj7K6ZDYggFV2TJnR4sH7pKWrVq4FeD21qlfpV3VkQn6BSdowBdoDq6QQ3URBRJ9Iie0av35L14b977Ilrw8plj9AvexzfUp5f3</latexit><latexit sha1_base64="t8odHEcuZ7FPmmH/Qa/KBYIQVJQ=">AAACFXicjVC7SgNBFJ2NrxhfUUubwSBYhd00WgZtLCOYhyRLmJ2dTYbMY5m5K4SQr7Cw8VdsRGwFO//GSbKFJhYeGDiccy537olSwS34/pdXWFvf2Nwqbpd2dvf2D8qHRy2rM0NZk2qhTScilgmuWBM4CNZJDSMyEqwdja5nfvuBGcu1uoNxykJJBoonnBJw0n3DsJhT0KZfrvhVfw68SoKcVFCO/8X75c9erGkmmQIqiLXdwE8hnBADnAo2LfUyy1JCR2TAuo4qIpkNJ/OrpvjMKTFOtHFPAZ6rPycmRFo7lpFLSgJDu+zNxL+8bgbJZTjhKs2AKbpYlGQCg8azinDMDaMgxo4Qarj7K6ZDYggFV2TJnR4sH7pKWrVq4FeD21qlfpV3VkQn6BSdowBdoDq6QQ3URBRJ9Iie0av35L14b977Ilrw8plj9AvexzfUp5f3</latexit><latexit sha1_base64="t8odHEcuZ7FPmmH/Qa/KBYIQVJQ=">AAACFXicjVC7SgNBFJ2NrxhfUUubwSBYhd00WgZtLCOYhyRLmJ2dTYbMY5m5K4SQr7Cw8VdsRGwFO//GSbKFJhYeGDiccy537olSwS34/pdXWFvf2Nwqbpd2dvf2D8qHRy2rM0NZk2qhTScilgmuWBM4CNZJDSMyEqwdja5nfvuBGcu1uoNxykJJBoonnBJw0n3DsJhT0KZfrvhVfw68SoKcVFCO/8X75c9erGkmmQIqiLXdwE8hnBADnAo2LfUyy1JCR2TAuo4qIpkNJ/OrpvjMKTFOtHFPAZ6rPycmRFo7lpFLSgJDu+zNxL+8bgbJZTjhKs2AKbpYlGQCg8azinDMDaMgxo4Qarj7K6ZDYggFV2TJnR4sH7pKWrVq4FeD21qlfpV3VkQn6BSdowBdoDq6QQ3URBRJ9Iie0av35L14b977Ilrw8plj9AvexzfUp5f3</latexit>

x1, . . . ,xn�1
<latexit sha1_base64="znjXy0+k6Y6LgLBlKwLGl2a8VrY=">AAACEXicbVC7TsMwFHXKq5RXgJHFokLqAFWCkGCsYGEsEn1ITRQ5jtNadZzIdhBVlF9g4VdYGECIlY2Nv8FpM5SWI1k+Oude3XuPnzAqlWX9GJWV1bX1jepmbWt7Z3fP3D/oyjgVmHRwzGLR95EkjHLSUVQx0k8EQZHPSM8f3xR+74EISWN+ryYJcSM05DSkGCkteWbDiZAa+WH2mHuZnZ9ChwWxkvqf0/mZnXtm3WpaU8BlYpekDkq0PfPbCWKcRoQrzJCUA9tKlJshoShmJK85qSQJwmM0JANNOYqIdLPpRTk80UoAw1joxxWcqvMdGYqknES+riz2lIteIf7nDVIVXrkZ5UmqCMezQWHKoIphEQ8MqCBYsYkmCAuqd4V4hATCSodY0yHYiycvk+5507aa9t1FvXVdxlEFR+AYNIANLkEL3II26AAMnsALeAPvxrPxanwYn7PSilH2HII/ML5+AZwFnXw=</latexit><latexit sha1_base64="4azmvVdzS4TRwLXAxwNO+gJO+b8=">AAACNnicjVC9TsMwGHTKXyl/AUYWiwqpA1QJQoKxgoURJPojNVHkOE5r1XEi20FUUV6Bp2Fg4SXYWFgQYuURcNoMpWXgkyyf7u6TfecnjEplWW9GZWl5ZXWtul7b2Nza3jF39zoyTgUmbRyzWPR8JAmjnLQVVYz0EkFQ5DPS9UdXhd69J0LSmN+pcULcCA04DSlGSlOe2XAipIZ+mD3kXmbnx9BhQaykvmd4fmLnnlm3mtZk4CKwS1AH5fzP7pmvThDjNCJcYYak7NtWotwMCUUxI3nNSSVJEB6hAelryFFEpJtNYufwSDMBDGOhD1dwws5uZCiSchz52lmEkfNaQf6l9VMVXrgZ5UmqCMfTh8KUQRXDokMYUEGwYmMNEBZU/xXiIRIIK910TUe354Mugs5p07aa9u1ZvXVZdlYFB+AQNIANzkELXIMb0AYYPIIn8AI+jGfj3fg0vqbWilHu7INfY3z/ADAapPU=</latexit><latexit sha1_base64="4azmvVdzS4TRwLXAxwNO+gJO+b8=">AAACNnicjVC9TsMwGHTKXyl/AUYWiwqpA1QJQoKxgoURJPojNVHkOE5r1XEi20FUUV6Bp2Fg4SXYWFgQYuURcNoMpWXgkyyf7u6TfecnjEplWW9GZWl5ZXWtul7b2Nza3jF39zoyTgUmbRyzWPR8JAmjnLQVVYz0EkFQ5DPS9UdXhd69J0LSmN+pcULcCA04DSlGSlOe2XAipIZ+mD3kXmbnx9BhQaykvmd4fmLnnlm3mtZk4CKwS1AH5fzP7pmvThDjNCJcYYak7NtWotwMCUUxI3nNSSVJEB6hAelryFFEpJtNYufwSDMBDGOhD1dwws5uZCiSchz52lmEkfNaQf6l9VMVXrgZ5UmqCMfTh8KUQRXDokMYUEGwYmMNEBZU/xXiIRIIK910TUe354Mugs5p07aa9u1ZvXVZdlYFB+AQNIANzkELXIMb0AYYPIIn8AI+jGfj3fg0vqbWilHu7INfY3z/ADAapPU=</latexit><latexit sha1_base64="4azmvVdzS4TRwLXAxwNO+gJO+b8=">AAACNnicjVC9TsMwGHTKXyl/AUYWiwqpA1QJQoKxgoURJPojNVHkOE5r1XEi20FUUV6Bp2Fg4SXYWFgQYuURcNoMpWXgkyyf7u6TfecnjEplWW9GZWl5ZXWtul7b2Nza3jF39zoyTgUmbRyzWPR8JAmjnLQVVYz0EkFQ5DPS9UdXhd69J0LSmN+pcULcCA04DSlGSlOe2XAipIZ+mD3kXmbnx9BhQaykvmd4fmLnnlm3mtZk4CKwS1AH5fzP7pmvThDjNCJcYYak7NtWotwMCUUxI3nNSSVJEB6hAelryFFEpJtNYufwSDMBDGOhD1dwws5uZCiSchz52lmEkfNaQf6l9VMVXrgZ5UmqCMfTh8KUQRXDokMYUEGwYmMNEBZU/xXiIRIIK910TUe354Mugs5p07aa9u1ZvXVZdlYFB+AQNIANzkELXIMb0AYYPIIn8AI+jGfj3fg0vqbWilHu7INfY3z/ADAapPU=</latexit>

xn
<latexit sha1_base64="NEqcSgvVdiYNMT3e3vfZTfnIuzA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuaSYYko5Zh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJde53HqjSTIo7M42pH+GRYCEj2Fjpvh9hMw7C9CkbpCIbVGtu3Z0BLROvIDUo0BxUv/pDSZKICkM41rrnubHxU6wMI5xmlX6iaYzJBI9oz1KBI6r9dJY6QydWGaJQKvuEQTP190aKI62nUWAn85R60cvF/7xeYsJLP2UiTgwVZH4oTDgyEuUVoCFTlBg+tQQTxWxWRMZYYWJsURVbgrf45WXSPqt7bt27Pa81roo6ynAEx3AKHlxAA26gCS0goOAZXuHNeXRenHfnYz5acoqdQ/gD5/MHU2aTCQ==</latexit><latexit sha1_base64="IYTkgzSO0wB0ZCxojdc1faITPZE=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg1NMkOSEcsw/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pwg5kwb1/1ySkvLK6tr5fXKxubW9k51d6+lo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+zP32PVWaRfLWTGLqCzyULGQEGyvd9QQ2oyBMH7J+KrN+tebW3SnQIvEKUoMC/xvvVz96g4gkgkpDONa667mx8VOsDCOcZpVeommMyRgPaddSiQXVfjqNlqEjqwxQGCn7pEFT9edGioXWExHYyTyKnvdy8S+vm5jw3E+ZjBNDJZkdChOOTITyntCAKUoMn1iCiWL2r4iMsMLE2DYrNro3H3SRtE7qnlv3bk5rjYuiszIcwCEcgwdn0IAruIYmEFDwCM/w6jw5L86b8z4bLTnFzj78gvP5DYkqmoI=</latexit><latexit sha1_base64="IYTkgzSO0wB0ZCxojdc1faITPZE=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg1NMkOSEcsw/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pwg5kwb1/1ySkvLK6tr5fXKxubW9k51d6+lo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+zP32PVWaRfLWTGLqCzyULGQEGyvd9QQ2oyBMH7J+KrN+tebW3SnQIvEKUoMC/xvvVz96g4gkgkpDONa667mx8VOsDCOcZpVeommMyRgPaddSiQXVfjqNlqEjqwxQGCn7pEFT9edGioXWExHYyTyKnvdy8S+vm5jw3E+ZjBNDJZkdChOOTITyntCAKUoMn1iCiWL2r4iMsMLE2DYrNro3H3SRtE7qnlv3bk5rjYuiszIcwCEcgwdn0IAruIYmEFDwCM/w6jw5L86b8z4bLTnFzj78gvP5DYkqmoI=</latexit><latexit sha1_base64="IYTkgzSO0wB0ZCxojdc1faITPZE=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg1NMkOSEcsw/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pwg5kwb1/1ySkvLK6tr5fXKxubW9k51d6+lo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+zP32PVWaRfLWTGLqCzyULGQEGyvd9QQ2oyBMH7J+KrN+tebW3SnQIvEKUoMC/xvvVz96g4gkgkpDONa667mx8VOsDCOcZpVeommMyRgPaddSiQXVfjqNlqEjqwxQGCn7pEFT9edGioXWExHYyTyKnvdy8S+vm5jw3E+ZjBNDJZkdChOOTITyntCAKUoMn1iCiWL2r4iMsMLE2DYrNro3H3SRtE7qnlv3bk5rjYuiszIcwCEcgwdn0IAruIYmEFDwCM/w6jw5L86b8z4bLTnFzj78gvP5DYkqmoI=</latexit>

x1, . . . ,xn�1
<latexit sha1_base64="znjXy0+k6Y6LgLBlKwLGl2a8VrY=">AAACEXicbVC7TsMwFHXKq5RXgJHFokLqAFWCkGCsYGEsEn1ITRQ5jtNadZzIdhBVlF9g4VdYGECIlY2Nv8FpM5SWI1k+Oude3XuPnzAqlWX9GJWV1bX1jepmbWt7Z3fP3D/oyjgVmHRwzGLR95EkjHLSUVQx0k8EQZHPSM8f3xR+74EISWN+ryYJcSM05DSkGCkteWbDiZAa+WH2mHuZnZ9ChwWxkvqf0/mZnXtm3WpaU8BlYpekDkq0PfPbCWKcRoQrzJCUA9tKlJshoShmJK85qSQJwmM0JANNOYqIdLPpRTk80UoAw1joxxWcqvMdGYqknES+riz2lIteIf7nDVIVXrkZ5UmqCMezQWHKoIphEQ8MqCBYsYkmCAuqd4V4hATCSodY0yHYiycvk+5507aa9t1FvXVdxlEFR+AYNIANLkEL3II26AAMnsALeAPvxrPxanwYn7PSilH2HII/ML5+AZwFnXw=</latexit><latexit sha1_base64="4azmvVdzS4TRwLXAxwNO+gJO+b8=">AAACNnicjVC9TsMwGHTKXyl/AUYWiwqpA1QJQoKxgoURJPojNVHkOE5r1XEi20FUUV6Bp2Fg4SXYWFgQYuURcNoMpWXgkyyf7u6TfecnjEplWW9GZWl5ZXWtul7b2Nza3jF39zoyTgUmbRyzWPR8JAmjnLQVVYz0EkFQ5DPS9UdXhd69J0LSmN+pcULcCA04DSlGSlOe2XAipIZ+mD3kXmbnx9BhQaykvmd4fmLnnlm3mtZk4CKwS1AH5fzP7pmvThDjNCJcYYak7NtWotwMCUUxI3nNSSVJEB6hAelryFFEpJtNYufwSDMBDGOhD1dwws5uZCiSchz52lmEkfNaQf6l9VMVXrgZ5UmqCMfTh8KUQRXDokMYUEGwYmMNEBZU/xXiIRIIK910TUe354Mugs5p07aa9u1ZvXVZdlYFB+AQNIANzkELXIMb0AYYPIIn8AI+jGfj3fg0vqbWilHu7INfY3z/ADAapPU=</latexit><latexit sha1_base64="4azmvVdzS4TRwLXAxwNO+gJO+b8=">AAACNnicjVC9TsMwGHTKXyl/AUYWiwqpA1QJQoKxgoURJPojNVHkOE5r1XEi20FUUV6Bp2Fg4SXYWFgQYuURcNoMpWXgkyyf7u6TfecnjEplWW9GZWl5ZXWtul7b2Nza3jF39zoyTgUmbRyzWPR8JAmjnLQVVYz0EkFQ5DPS9UdXhd69J0LSmN+pcULcCA04DSlGSlOe2XAipIZ+mD3kXmbnx9BhQaykvmd4fmLnnlm3mtZk4CKwS1AH5fzP7pmvThDjNCJcYYak7NtWotwMCUUxI3nNSSVJEB6hAelryFFEpJtNYufwSDMBDGOhD1dwws5uZCiSchz52lmEkfNaQf6l9VMVXrgZ5UmqCMfTh8KUQRXDokMYUEGwYmMNEBZU/xXiIRIIK910TUe354Mugs5p07aa9u1ZvXVZdlYFB+AQNIANzkELXIMb0AYYPIIn8AI+jGfj3fg0vqbWilHu7INfY3z/ADAapPU=</latexit><latexit sha1_base64="4azmvVdzS4TRwLXAxwNO+gJO+b8=">AAACNnicjVC9TsMwGHTKXyl/AUYWiwqpA1QJQoKxgoURJPojNVHkOE5r1XEi20FUUV6Bp2Fg4SXYWFgQYuURcNoMpWXgkyyf7u6TfecnjEplWW9GZWl5ZXWtul7b2Nza3jF39zoyTgUmbRyzWPR8JAmjnLQVVYz0EkFQ5DPS9UdXhd69J0LSmN+pcULcCA04DSlGSlOe2XAipIZ+mD3kXmbnx9BhQaykvmd4fmLnnlm3mtZk4CKwS1AH5fzP7pmvThDjNCJcYYak7NtWotwMCUUxI3nNSSVJEB6hAelryFFEpJtNYufwSDMBDGOhD1dwws5uZCiSchz52lmEkfNaQf6l9VMVXrgZ5UmqCMfTh8KUQRXDokMYUEGwYmMNEBZU/xXiIRIIK910TUe354Mugs5p07aa9u1ZvXVZdlYFB+AQNIANzkELXIMb0AYYPIIn8AI+jGfj3fg0vqbWilHu7INfY3z/ADAapPU=</latexit>

x̂n
<latexit sha1_base64="tuZYpdb5xpUrPFc3v9Np5ovJ474=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURQZdFNy4r2FZoQplMJ+3QySTMTMQagr/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZEyScKe0431ZlaXllda26XtvY3NresXf3OipOJaFtEvNY3gVYUc4EbWumOb1LJMVRwGk3GF8VfveeSsVicasnCfUjPBQsZARrI/XtA2+EdeZFWI+CMHvI834m8r5ddxrOFGiRuCWpQ4lW3/7yBjFJIyo04Vipnusk2s+w1Ixwmte8VNEEkzEe0p6hAkdU+dk0fY6OjTJAYSzNExpN1d8bGY6UmkSBmSxiqnmvEP/zeqkOL/yMiSTVVJDZoTDlSMeoqAINmKRE84khmEhmsiIywhITbQqrmRLc+S8vks5pw3Ua7s1ZvXlZ1lGFQziCE3DhHJpwDS1oA4FHeIZXeLOerBfr3fqYjVascmcf/sD6/AG3E5YH</latexit><latexit sha1_base64="8QdJDkrA1hgbV1FJgIs/iQLR9cI=">AAACInicjVDLSsNAFL3xWesrPnZuBovgqiQi6LLoxqWCfUBTwmQ6aYdOJmFmItaQf3Hhxl9xI+pK8GOctFlo68IDA4dz7uXOOUHCmdKO82ktLC4tr6xW1qrrG5tb2/bObkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bweiy8Nt3VCoWi1s9TmgvwgPBQkawNpJv73tDrDMvwnoYhNl9nvuZyH275tSdCdA8cUtSgxL/G/ftd68fkzSiQhOOleq6TqJ7GZaaEU7zqpcqmmAywgPaNVTgiKpeNomYoyOj9FEYS/OERhP150aGI6XGUWAmiyxq1ivEv7xuqsPzXsZEkmoqyPRQmHKkY1T0hfpMUqL52BBMJDN/RWSIJSbatFo10d3ZoPOkdVJ3nbp7c1prXJSdVeAADuEYXDiDBlzBNTSBwAM8wjO8Wk/Wi/VmfUxHF6xyZw9+wfr6BlE0nYA=</latexit><latexit sha1_base64="8QdJDkrA1hgbV1FJgIs/iQLR9cI=">AAACInicjVDLSsNAFL3xWesrPnZuBovgqiQi6LLoxqWCfUBTwmQ6aYdOJmFmItaQf3Hhxl9xI+pK8GOctFlo68IDA4dz7uXOOUHCmdKO82ktLC4tr6xW1qrrG5tb2/bObkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bweiy8Nt3VCoWi1s9TmgvwgPBQkawNpJv73tDrDMvwnoYhNl9nvuZyH275tSdCdA8cUtSgxL/G/ftd68fkzSiQhOOleq6TqJ7GZaaEU7zqpcqmmAywgPaNVTgiKpeNomYoyOj9FEYS/OERhP150aGI6XGUWAmiyxq1ivEv7xuqsPzXsZEkmoqyPRQmHKkY1T0hfpMUqL52BBMJDN/RWSIJSbatFo10d3ZoPOkdVJ3nbp7c1prXJSdVeAADuEYXDiDBlzBNTSBwAM8wjO8Wk/Wi/VmfUxHF6xyZw9+wfr6BlE0nYA=</latexit><latexit sha1_base64="8QdJDkrA1hgbV1FJgIs/iQLR9cI=">AAACInicjVDLSsNAFL3xWesrPnZuBovgqiQi6LLoxqWCfUBTwmQ6aYdOJmFmItaQf3Hhxl9xI+pK8GOctFlo68IDA4dz7uXOOUHCmdKO82ktLC4tr6xW1qrrG5tb2/bObkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bweiy8Nt3VCoWi1s9TmgvwgPBQkawNpJv73tDrDMvwnoYhNl9nvuZyH275tSdCdA8cUtSgxL/G/ftd68fkzSiQhOOleq6TqJ7GZaaEU7zqpcqmmAywgPaNVTgiKpeNomYoyOj9FEYS/OERhP150aGI6XGUWAmiyxq1ivEv7xuqsPzXsZEkmoqyPRQmHKkY1T0hfpMUqL52BBMJDN/RWSIJSbatFo10d3ZoPOkdVJ3nbp7c1prXJSdVeAADuEYXDiDBlzBNTSBwAM8wjO8Wk/Wi/VmfUxHF6xyZw9+wfr6BlE0nYA=</latexit>

Training efficiency trick: When training autoregressive models, the naive way to set up
the training batches is to take as input a sequence x1, . . . ,x4, then predict x̂5, compare the
prediction to the ground truth x5, and backprob the loss. It turns out there is a much more
efficient way to do it: typically, to predict x̂5, the autoregressive model had to also predict
x̂1, . . . , x̂4 – this is the case, for example, if the autoregressive model is an RNN, where the
hidden state has to be updated sequentially and, after you have computed the sequence of
hidden states, making predictions for each item in the sequence requires very little compute
(maybe a linear layer and a softmax). In these cases, it’s much more efficient to compare
each prediction x̂1, . . . , x̂5 to the ground truth and backprop all five losses.

Autogressive models give us an explicit density function, Equation 1.37. To sample from
this density we can use ancestral sampling, which refers to sampling the first pixel from
p(x1), then, conditioned on this pixel, sample the second from p(x2|x1) an so forth. Since
each of these densities is a categorical distribution, sampling is easy: one option is to partition
a unit line segment into regions of length equal to the categorical probabilities and see where
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a uniform random draw along this line falls. Autogressive models do not have latent variables
z, which makes them incompatible with applications that involve extracting or manipulating
latent variables.

1.2.3 Generative Adversarial Networks

Autoregressive models sample simple distributions step by step to build up a complex distri-
bution. Could we instead create a system that directly, in one step, outputs samples from the
complex distribution. It turns out we can, and one model that does this is the Generative
adversarial network, or GAN, which was introduced by [Goodfellow et al. 2014].

Recall that the goal of generative modeling is to make synthetic data that looks like real
data. We stated above that there are many different ways to measure “looks like” and each
leads to a different kind of generative model. GANs take a very direct and intuitive approach:
synthetic data looks like real data if a classifier cannot distinguish between synthetic images
and real images.

GANs consist of two neural networks, the generator, G : Z → X , which synthesizes data
from noise, and a discriminator, D : X → ∆1, that tries to classify between synthesized
data and real data.

Notice that D has a form
similar to an energy
function, but, unlike

energy functions, D is
not, in general,

interpretable as an
unnormalized probability
density. Nonetheless, we

can roughly think of a
GAN as a type of

energy-based generative
model where we train
another network G to

directly sample from the
energy function rather

than relying on MCMC
to sample from the

energy function.

G and D play an adversarial game in which G tries to become better and better at
generating synthetic images while D tries to become better and better at detecting any
errors G is making. The learning problem can be written as a minimax game:

arg min
G

max
D

Ex∼pdata [logD(x)] + Ez∼pz [log(1−D(G(z)))] (1.38)

Schematically, the generator synthesizes images that are then fed as input to the discrim-
inator. The discriminator tries to assign a high score to generated images (classifying them
as “fake”) and a low score to real images from some training set (classifying them as “real”):

z fake (0.9)

real (0.1)

x

G(z)
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Although we call this an adversarial game, the discriminator is in fact helping the gener-
ator to perform better and better, by pointing out its current errors (we call it an adversary
because it tries to point out errors). You can think of the generator as a student taking a
painting class and the discriminator as the teacher. The student is trying to produce new
paintings that match the quality and style of the teacher. At first the student paints flat
landscapes that lack shading and the illusion of depth; the teacher gives feedback: “this
mountain is not well shaded, it looks 2D.” So the student improves and corrects the error,
adding haze and shadows to the mountain. The teacher is pleased but now points out a
different error: “the trees all look identical, there is not enough variety.” The teacher and
student continue on in this fashion until the student has succeeded at satisfying the teacher.
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Eventually, in theory, the student – the generator – produces paintings that are just as good
as the teacher’s paintings.

This objective may be easier to understand if we think of the objectives for G and D
separately. Given a particular generator G, D tries to maximize its ability to discriminate
between real and fake images (fake images are anything output by G). D’s objective is logistic
regression between a set of real data {x(i)}Ni=1 and fake data {x(i)}Ni=1, where x̂(i) = G(z(i)).

Let the optimal discriminator be labeled D∗. We have that:

D∗ = arg max
D

Ex∼pdata [logD(x)] + Ez∼pz [log(1−D(G(z)))] (1.39)

Now we turn to G’s perspective. Given D∗, G tries to solve the following problem:

arg min
G

Ez∼pz [log(1−D∗(G(z)))] (1.40)

Now, because the optimal discriminator D∗ depends on the current behavior of G, as soon
as we change G, updating it to better fool D∗, D∗ no longer is the optimal discriminator
and we need to again solve problem in Eqn. 1.39. To optimize a GAN, we simply alternate
between taking one gradient on Eqn. 1.40 and then K gradient steps on Eqn. 1.39, where
the larger the K, the closer we are to approximating the true D∗. In practice, setting K = 1
is often sufficient.

GANs are statistical image models GANs are related to the statistical image models
we saw in Chapter ??. In Heeger and Bergen (1995), for example, we synthesize images with
the same statistics as a source texture. This can be phrased as an optimization problem
in which we optimize image pixels until certain statistics of the images match those same
statistics measured on a source (training) set of images. We can write it as ‖φ(x)− φ(x̂)‖.
This is a kind of discriminator – it outputs a score related to the difference between a
generated image and real data. However, unlike a GAN, this discriminator is hand-defined
in terms of certain statistics of interest rather than learned. Additionally, GANs amortize the
optimization over pixels that satisfy the “discriminator”. That is GANs learned a mapping
G from latent noise to samples rather than arriving at samples via an optimization process
that starts from scratch each time we want to make a new sample.

1.3 Generative versus discriminative

Classically, a distinction was made between “discriminative models” and generative models,
in the context of data classification problems. The former referred to models of p(y|x), where
y represented a label and x represented data. The latter were models of p(y,x), which can be
factored as p(x|y)p(y) (the idea is that p(x|y) is a model of how the data is generated). This
distinction has become less useful in modern AI, since often it’s hard to tell what is a label
and what is data – generally, both the inputs and outputs to our models are high-dimensional
structured objects.

These days, “generative models” usually simply refer to models of p(x|y) with two key
properties: 1) x is high-dimensional (usually we think of it as “data”), 2) the dimensions of
x are non-independent.
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