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1 Neural Networks

1.1 Introduction
Neural networks are functions loosely modeled on the brain. In the brain, we have billions
of neurons that connect to one another. Each neuron can be thought of as a node in a graph,
and the edges are the connections from one neuron to the next (figure 1.1). The edges are
directed; electrical signals propagate in just one direction along the wires in the brain.

Figure 1.1: A neural net-
work can be drawn as a
directed graph.

Outgoing edges are called axons and incoming edges are called dendrites. A neuron
fires, sending a pulse down its axon, when the incoming pulses, from the dendrites, exceed
a threshold.

1.2 The Perceptron: A Simple Model of A Single Neuron
Let’s consider a neuron, shaded in gray, that has four inputs and one output (figure 1.2).

Figure 1.2: Perceptron.

A simple model for this neuron is the perceptron. A perceptron is a neuron with N inputs
{xi}N

i=1 and one output y, that maps inputs to outputs according to the following equations:

z = f (x) =
N∑

i=1

wixi + b =wTx+ b / linear layer (1.1)

g(z) =

{
1, if z > 0

0, otherwise
/ activation function (1.2)

y = g(f (x)) / perceptron (1.3)
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In words, we take a weighted sum of the inputs and, if that sum exceeds a threshold (here
0), the neuron fires (outputs a 1). The function f is called a linear layer because it computes
a linear function of the inputs, wTx, plus a bias, b. The function g is called the activation
function because it decides whether the neuron activates (fires).

Mathematically, f is an
affine function, but by
convention we call it a

“linear layer.” One way to
think of it is f is a linear

function of
[
x
1

]
.

1.2.1 The Perceptron as a Classifier
People got excited about perceptrons in the late 1950s because it was shown that they can
learn to classify data [8]. Let’s see how that works. We will consider a perceptron with two
inputs, x1 and x2, and one output, y. Let the incoming connection weights be w1 = 2, w2 = 1,
and b = 0. The values of z and y, as a function of x1 and x2, are shown in figure 1.3.

Figure 1.3: Value of
hidden unit and output

unit in a perceptron, as a
function of the input data.
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where y takes on values 0 or 1; so you can think of this as a classifier that assigns a class
label of 1 to the upper-right half of the plotted region.

1.2.2 Learning with a Perceptron
So a perceptron acts like a classifier, but how can we use it to learn? The idea is that given
data, {x(i), y(i)}N

i=1, we will adjust the weights w and the bias b, in order to minimize a
classification loss, L:

w∗, b∗ = arg min
w,b

1
N

N∑
i=1

L(wTx(i) + b, y(i)) (1.4)

In figure 1.4, this optimization process corresponds to shifting and rotating the decision
boundary, until you find a line that separates data labeled as y = 0 from data labeled as
y = 1.

You might be wondering, what’s the exact optimization algorithm that will find the
best line that separates the classes? The original perceptron paper proposed one particu-
lar algorithm, the “perceptron learning algorithm.” This was an optimizer tailored to the
specific structure of the perceptron. Older papers on neural nets are full of specific learning
rules for specific architectures: the delta rule, the Rescorla-Wagner model, and so forth [7].
Nowadays we rarely use these special-purpose algorithms. Instead, we use general-purpose
optimizers like gradient descent (for differentiable objectives) or zeroth-order methods (for
nondifferentiable objectives). The next chapter will cover the backpropagation algorithm,
which is a general-purpose gradient-based optimizer that applies to essentially all neural
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Figure 1.4: Different
possible decision surfaces
of a perceptron.

networks we will see in this book (but, note that for the perceptron objective, because it has
a non-differentiable threshold function, we would instead opt for a zeroth order optimizer).

1.3 Multilayer Perceptrons
Perceptrons can solve linearly separable binary classification problems, but they are other-
wise rather limited. For one, they only produce a single output. What if we want multiple
outputs? We can achieve this by adding edges that fan out after the perceptron (figure 1.5).

x

...

z h

y

...

Figure 1.5: Multiple
outputs fan out from a
neuron.

This network maps an input layer of data x to a layer of outputs y. The neurons in
between inputs and outputs are called hidden units, shaded in gray. Here, z is a preacti-
vation hidden unit and h is a postactivation hidden unit, that is, h = g(z) where g(·) is an
activation function like in equation (1.2).

More commonly we might have many hidden units in stack, which we call a hidden
layer (figure 1.6).

How many layers does
this net have? Some texts
will say two [W1, W2],
others three [x, {z,h}, y],
others four [x, z, h, y].
We must get comfortable
with the ambiguity.

x
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...

W2

y

...

Figure 1.6: Mutilayer
perceptron.

Because this network has multiple layers of neurons, and because each neuron in this net
acts as a perceptron, we call it a multilayer perceptron (MLP). The equation for this MLP
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is:

z=W1x+b1 / linear layer (1.5)

h= g(z) / activation function (1.6)

y =W2h+b2 / linear layer (1.7)

In general, MLPs can be constructed with any number of layers following this pattern:
linear layer, activation function, linear layer, activation function, and so on.

The activation function g could be the threshold function like in equation (1.2), but more
generally it can be any pointwise nonlinearity, that is, g(h) = [g̃(h1), …, g̃(hN)] and g̃ is any
nonlinear function that maps R→R.

Beyond MLPs, this kind of sequence (linear layer, pointwise nonlinearity, linear layer,
pointwise nonlinearity, and so on) is the prototpyical motif in almost all neural networks,
including most we will see later in this book.

1.4 Activations Versus Parameters
When working with deep nets it’s useful to distinguish activations and parameters. The
activations are the values that the neurons take on, [x, z1,h1, …, zL–1,hL–1,y]; slightly
abusing notation, we use this term for both preactivation function neurons and postacti-
vation function neurons. The activations are the neural representations of the data being
processed. Often, we will not worry about distinguishing between inputs, hidden units, and
outputs to the net, and simply refer to all data and neural activations in a network, layer by
layer, as a sequence [x0, …,xL], in which case x0 is the raw input data.

A multilayer network is a
sequence of

transformations f1, …, fL

that produce a series of
activations x1, …,xL:

f1(x0, θ1)

f2(x1, θ2)

f3(x2, θ3)

f4(x3, θ4)

x0

x1

x2

x3

y Conversely, parameters are the weights and biases of the network. These are the variables
being learned. Both activations and parameters are tensors of variables.

Often we think of a layer as a function xl+1 = fl+1(xl), but we can also make the parameters
explicit and think of each layer as a function:

xl+1 = fl+1(xl, θl+1) (1.8)

That is, each layer takes the activations from the previous layer, as well as parameters of the
current layer as input, and produces activations of the next layer. Varying either the input
activations or the input parameters will affect the output of the layer. From this perspective,
anything we can do with parameters, we can do with activations instead, and vice versa,
and that is the basis for a lot of applications and tricks. For example, while normally we
learn the values of the parameters, we could instead hold the parameters fixed and learn
the values of the activations that achieve some objective. In fact this is what is done in
applications such as style transfer, adversarial attacks, and network visualization, which we
will see in more detail in later chapters.

1.4.1 Fast Activations and Slow Parameters
So what’s different about activations versus parameters? One way to think about it is that
activations are fast functions of a datapoint: they are the result of a few layers of processing
this datapoint. Parameters are also functions of the data (they are learned from data) but they
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are slow functions of datasets: the parameters are arrived at via an optimization procedure
over a whole dataset. So, both activations and parameters are statistics of the data, that is,
information extracted about about the data that organizes or summarizes it. The parameters
are a kind of metasummary since they specify a functional transformation that produces
activations from data, and activations themselves are a summary of the data. Figure 1.4.1
shows how this looks.
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<latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit>

Data
<latexit sha1_base64="P0EGFXOjMXAW98knwKSzO/IySeQ=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0l60WNRDx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5USaFQc/7dkobm1vbO+Vdd2//4PCocnzSMmmuGQ9YKlPdiajhUigeoEDJO5nmNIkkb0fj27nffuLaiFQ94iTjYUKHSsSCUbRS4N5RpP1K1at5C5B14hekCgWa/cpXb5CyPOEKmaTGdH0vw3BKNQom+czt5YZnlI3pkHctVTThJpwujp2RC6sMSJxqWwrJQv09MaWJMZMksp0JxZFZ9ebif143x/g6nAqV5cgVWy6Kc0kwJfPPyUBozlBOLKFMC3srYSOqKUObj2tD8FdfXietes33av5Dvdq4KeIowxmcwyX4cAUNuIcmBMBAwDO8wpujnBfn3flYtpacYuYU/sD5/AERvI4u</latexit><latexit sha1_base64="P0EGFXOjMXAW98knwKSzO/IySeQ=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0l60WNRDx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5USaFQc/7dkobm1vbO+Vdd2//4PCocnzSMmmuGQ9YKlPdiajhUigeoEDJO5nmNIkkb0fj27nffuLaiFQ94iTjYUKHSsSCUbRS4N5RpP1K1at5C5B14hekCgWa/cpXb5CyPOEKmaTGdH0vw3BKNQom+czt5YZnlI3pkHctVTThJpwujp2RC6sMSJxqWwrJQv09MaWJMZMksp0JxZFZ9ebif143x/g6nAqV5cgVWy6Kc0kwJfPPyUBozlBOLKFMC3srYSOqKUObj2tD8FdfXietes33av5Dvdq4KeIowxmcwyX4cAUNuIcmBMBAwDO8wpujnBfn3flYtpacYuYU/sD5/AERvI4u</latexit><latexit sha1_base64="P0EGFXOjMXAW98knwKSzO/IySeQ=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0l60WNRDx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5USaFQc/7dkobm1vbO+Vdd2//4PCocnzSMmmuGQ9YKlPdiajhUigeoEDJO5nmNIkkb0fj27nffuLaiFQ94iTjYUKHSsSCUbRS4N5RpP1K1at5C5B14hekCgWa/cpXb5CyPOEKmaTGdH0vw3BKNQom+czt5YZnlI3pkHctVTThJpwujp2RC6sMSJxqWwrJQv09MaWJMZMksp0JxZFZ9ebif143x/g6nAqV5cgVWy6Kc0kwJfPPyUBozlBOLKFMC3srYSOqKUObj2tD8FdfXietes33av5Dvdq4KeIowxmcwyX4cAUNuIcmBMBAwDO8wpujnBfn3flYtpacYuYU/sD5/AERvI4u</latexit><latexit sha1_base64="P0EGFXOjMXAW98knwKSzO/IySeQ=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0l60WNRDx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5USaFQc/7dkobm1vbO+Vdd2//4PCocnzSMmmuGQ9YKlPdiajhUigeoEDJO5nmNIkkb0fj27nffuLaiFQ94iTjYUKHSsSCUbRS4N5RpP1K1at5C5B14hekCgWa/cpXb5CyPOEKmaTGdH0vw3BKNQom+czt5YZnlI3pkHctVTThJpwujp2RC6sMSJxqWwrJQv09MaWJMZMksp0JxZFZ9ebif143x/g6nAqV5cgVWy6Kc0kwJfPPyUBozlBOLKFMC3srYSOqKUObj2tD8FdfXietes33av5Dvdq4KeIowxmcwyX4cAUNuIcmBMBAwDO8wpujnBfn3flYtpacYuYU/sD5/AERvI4u</latexit>

Neural Net
<latexit sha1_base64="ZZNXbaoYBgbI4NpgsM1Uh6VRJkg=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBm0sQoRzAcmR9jbzCVL9vaO3T0hHPkXNhaK2Ppv7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8MNME/YiOJA85o8ZKjw1MFRWkgWZQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62uHhGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjJ/nwy5QmbE1BLKFLe3EjamijJjQyrZELzVl9dJu1b13Kp3X6vUb/I4inAG53AJHlxBHe6gCS1gIOEZXuHN0c6L8+58LFsLTj5zCn/gfP4AIOGQig==</latexit><latexit sha1_base64="ZZNXbaoYBgbI4NpgsM1Uh6VRJkg=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBm0sQoRzAcmR9jbzCVL9vaO3T0hHPkXNhaK2Ppv7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8MNME/YiOJA85o8ZKjw1MFRWkgWZQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62uHhGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjJ/nwy5QmbE1BLKFLe3EjamijJjQyrZELzVl9dJu1b13Kp3X6vUb/I4inAG53AJHlxBHe6gCS1gIOEZXuHN0c6L8+58LFsLTj5zCn/gfP4AIOGQig==</latexit><latexit sha1_base64="ZZNXbaoYBgbI4NpgsM1Uh6VRJkg=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBm0sQoRzAcmR9jbzCVL9vaO3T0hHPkXNhaK2Ppv7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8MNME/YiOJA85o8ZKjw1MFRWkgWZQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62uHhGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjJ/nwy5QmbE1BLKFLe3EjamijJjQyrZELzVl9dJu1b13Kp3X6vUb/I4inAG53AJHlxBHe6gCS1gIOEZXuHN0c6L8+58LFsLTj5zCn/gfP4AIOGQig==</latexit><latexit sha1_base64="ZZNXbaoYBgbI4NpgsM1Uh6VRJkg=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBm0sQoRzAcmR9jbzCVL9vaO3T0hHPkXNhaK2Ppv7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8MNME/YiOJA85o8ZKjw1MFRWkgWZQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62uHhGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjJ/nwy5QmbE1BLKFLe3EjamijJjQyrZELzVl9dJu1b13Kp3X6vUb/I4inAG53AJHlxBHe6gCS1gIOEZXuHN0c6L8+58LFsLTj5zCn/gfP4AIOGQig==</latexit>

!
<latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit>

!
<latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit>xi

<latexit sha1_base64="rRiiGlw1LVZyqKTn5dtphpMWhiE=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DGMplO2qGTSZi5EUvob7hxoYhbf8adf+OkzUJbDwwczrmXe+YEiRQGXffbWVldW9/YLG2Vt3d29/YrB4ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4Jvfbj1wbEat7nCTcj+hQiVAwilbq9SKKoyDMnqYPol+pujV3BrJMvIJUoUCjX/nqDWKWRlwhk9SYrucm6GdUo2CST8u91PCEsjEd8q6likbc+Nks85ScWmVAwljbp5DM1N8bGY2MmUSBncwzmkUvF//zuimGV34mVJIiV2x+KEwlwZjkBZCB0JyhnFhCmRY2K2EjqilDW1PZluAtfnmZtM5rnlvz7i6q9euijhIcwwmcgQeXUIdbaEATGCTwDK/w5qTOi/PufMxHV5xi5wj+wPn8AX27kfc=</latexit><latexit sha1_base64="rRiiGlw1LVZyqKTn5dtphpMWhiE=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DGMplO2qGTSZi5EUvob7hxoYhbf8adf+OkzUJbDwwczrmXe+YEiRQGXffbWVldW9/YLG2Vt3d29/YrB4ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4Jvfbj1wbEat7nCTcj+hQiVAwilbq9SKKoyDMnqYPol+pujV3BrJMvIJUoUCjX/nqDWKWRlwhk9SYrucm6GdUo2CST8u91PCEsjEd8q6likbc+Nks85ScWmVAwljbp5DM1N8bGY2MmUSBncwzmkUvF//zuimGV34mVJIiV2x+KEwlwZjkBZCB0JyhnFhCmRY2K2EjqilDW1PZluAtfnmZtM5rnlvz7i6q9euijhIcwwmcgQeXUIdbaEATGCTwDK/w5qTOi/PufMxHV5xi5wj+wPn8AX27kfc=</latexit><latexit sha1_base64="rRiiGlw1LVZyqKTn5dtphpMWhiE=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DGMplO2qGTSZi5EUvob7hxoYhbf8adf+OkzUJbDwwczrmXe+YEiRQGXffbWVldW9/YLG2Vt3d29/YrB4ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4Jvfbj1wbEat7nCTcj+hQiVAwilbq9SKKoyDMnqYPol+pujV3BrJMvIJUoUCjX/nqDWKWRlwhk9SYrucm6GdUo2CST8u91PCEsjEd8q6likbc+Nks85ScWmVAwljbp5DM1N8bGY2MmUSBncwzmkUvF//zuimGV34mVJIiV2x+KEwlwZjkBZCB0JyhnFhCmRY2K2EjqilDW1PZluAtfnmZtM5rnlvz7i6q9euijhIcwwmcgQeXUIdbaEATGCTwDK/w5qTOi/PufMxHV5xi5wj+wPn8AX27kfc=</latexit><latexit sha1_base64="rRiiGlw1LVZyqKTn5dtphpMWhiE=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DGMplO2qGTSZi5EUvob7hxoYhbf8adf+OkzUJbDwwczrmXe+YEiRQGXffbWVldW9/YLG2Vt3d29/YrB4ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4Jvfbj1wbEat7nCTcj+hQiVAwilbq9SKKoyDMnqYPol+pujV3BrJMvIJUoUCjX/nqDWKWRlwhk9SYrucm6GdUo2CST8u91PCEsjEd8q6likbc+Nks85ScWmVAwljbp5DM1N8bGY2MmUSBncwzmkUvF//zuimGV34mVJIiV2x+KEwlwZjkBZCB0JyhnFhCmRY2K2EjqilDW1PZluAtfnmZtM5rnlvz7i6q9euijhIcwwmcgQeXUIdbaEATGCTwDK/w5qTOi/PufMxHV5xi5wj+wPn8AX27kfc=</latexit> hi
<latexit sha1_base64="Z3wmUvkh/kuMFDnrcksmV9RopgM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4Cmlsl00g6dTMLMjVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJrwfkRHSoSCUbSS70cUx0GYjWePYlCtuXV3DrJKvILUoEBzUP3yhzFLI66QSWpMz3MT7GdUo2CSzyp+anhC2YSOeM9SRSNu+tk884ycWWVIwljbp5DM1d8bGY2MmUaBncwzmmUvF//zeimG1/1MqCRFrtjiUJhKgjHJCyBDoTlDObWEMi1sVsLGVFOGtqaKLcFb/vIqaV/UPbfu3V/WGjdFHWU4gVM4Bw+uoAF30IQWMEjgGV7hzUmdF+fd+ViMlpxi5xj+wPn8AWVLkec=</latexit><latexit sha1_base64="Z3wmUvkh/kuMFDnrcksmV9RopgM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4Cmlsl00g6dTMLMjVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJrwfkRHSoSCUbSS70cUx0GYjWePYlCtuXV3DrJKvILUoEBzUP3yhzFLI66QSWpMz3MT7GdUo2CSzyp+anhC2YSOeM9SRSNu+tk884ycWWVIwljbp5DM1d8bGY2MmUaBncwzmmUvF//zeimG1/1MqCRFrtjiUJhKgjHJCyBDoTlDObWEMi1sVsLGVFOGtqaKLcFb/vIqaV/UPbfu3V/WGjdFHWU4gVM4Bw+uoAF30IQWMEjgGV7hzUmdF+fd+ViMlpxi5xj+wPn8AWVLkec=</latexit><latexit sha1_base64="Z3wmUvkh/kuMFDnrcksmV9RopgM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4Cmlsl00g6dTMLMjVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJrwfkRHSoSCUbSS70cUx0GYjWePYlCtuXV3DrJKvILUoEBzUP3yhzFLI66QSWpMz3MT7GdUo2CSzyp+anhC2YSOeM9SRSNu+tk884ycWWVIwljbp5DM1d8bGY2MmUaBncwzmmUvF//zeimG1/1MqCRFrtjiUJhKgjHJCyBDoTlDObWEMi1sVsLGVFOGtqaKLcFb/vIqaV/UPbfu3V/WGjdFHWU4gVM4Bw+uoAF30IQWMEjgGV7hzUmdF+fd+ViMlpxi5xj+wPn8AWVLkec=</latexit><latexit sha1_base64="Z3wmUvkh/kuMFDnrcksmV9RopgM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4Cmlsl00g6dTMLMjVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJrwfkRHSoSCUbSS70cUx0GYjWePYlCtuXV3DrJKvILUoEBzUP3yhzFLI66QSWpMz3MT7GdUo2CSzyp+anhC2YSOeM9SRSNu+tk884ycWWVIwljbp5DM1d8bGY2MmUaBncwzmmUvF//zeimG1/1MqCRFrtjiUJhKgjHJCyBDoTlDObWEMi1sVsLGVFOGtqaKLcFb/vIqaV/UPbfu3V/WGjdFHWU4gVM4Bw+uoAF30IQWMEjgGV7hzUmdF+fd+ViMlpxi5xj+wPn8AWVLkec=</latexit>

{xi,yi}N
i=1<latexit sha1_base64="PunjkLleiDlzZObXl8p+fV7wrOE=">AAACD3icbVC7SgNBFL0bXzG+opY2Q4IiKGHXRhshaGMlEcwDspswO5lNhsw+mJkVl2X/wMY/8BtsLBSxtbXzb5w8BI0eGDj3nHuZe48bcSaVaX4aubn5hcWl/HJhZXVtfaO4udWQYSwIrZOQh6LlYkk5C2hdMcVpKxIU+y6nTXd4PvKbN1RIFgbXKomo4+N+wDxGsNJSt7hnp7aP1cD10tusww7Rd5Xoys66KTu1ss5lt1g2K+YY6C+xpqRcLdkHDwBQ6xY/7F5IYp8GinAsZdsyI+WkWChGOM0KdixphMkQ92lb0wD7VDrp+J4M7Wqlh7xQ6BcoNFZ/TqTYlzLxXd052lbOeiPxP68dK+/ESVkQxYoGZPKRF3OkQjQKB/WYoETxRBNMBNO7IjLAAhOlIyzoEKzZk/+SxlHFMivWlU7jDCbIww6UYB8sOIYqXEAN6kDgDh7hGV6Me+PJeDXeJq05YzqzDb9gvH8BvJ2ejQ==</latexit><latexit sha1_base64="Bycyw9qN2vau0sxmenuqMNusA1s=">AAACD3icbVDLSsNAFJ3UV62vqEs3Q4siKCVxoxuh6MaVVLAPaNIwmU7aoZMHMxMxhPyBG8EvceNCEbdu3fVvnLQVtPXAwLnn3Mvce9yIUSENY6QVFhaXlleKq6W19Y3NLX17pynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7vAy91t3hAsaBrcyiYjto35APYqRVJKjH1ip5SM5cL30PuvSY/hTJaqyMiel52bWvXb0ilE1xoDzxJySSq1sHT2Naknd0b+sXohjnwQSMyRExzQiaaeIS4oZyUpWLEiE8BD1SUfRAPlE2On4ngzuK6UHvZCrF0g4Vn9PpMgXIvFd1ZlvK2a9XPzP68TSO7NTGkSxJAGefOTFDMoQ5uHAHuUES5YogjCnaleIB4gjLFWEJRWCOXvyPGmeVE2jat6oNC7ABEWwB8rgEJjgFNTAFaiDBsDgATyDV/CmPWov2rv2MWktaNOZXfAH2uc3xgegEw==</latexit><latexit sha1_base64="Bycyw9qN2vau0sxmenuqMNusA1s=">AAACD3icbVDLSsNAFJ3UV62vqEs3Q4siKCVxoxuh6MaVVLAPaNIwmU7aoZMHMxMxhPyBG8EvceNCEbdu3fVvnLQVtPXAwLnn3Mvce9yIUSENY6QVFhaXlleKq6W19Y3NLX17pynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7vAy91t3hAsaBrcyiYjto35APYqRVJKjH1ip5SM5cL30PuvSY/hTJaqyMiel52bWvXb0ilE1xoDzxJySSq1sHT2Naknd0b+sXohjnwQSMyRExzQiaaeIS4oZyUpWLEiE8BD1SUfRAPlE2On4ngzuK6UHvZCrF0g4Vn9PpMgXIvFd1ZlvK2a9XPzP68TSO7NTGkSxJAGefOTFDMoQ5uHAHuUES5YogjCnaleIB4gjLFWEJRWCOXvyPGmeVE2jat6oNC7ABEWwB8rgEJjgFNTAFaiDBsDgATyDV/CmPWov2rv2MWktaNOZXfAH2uc3xgegEw==</latexit><latexit sha1_base64="hV+IwHUg4HXPo8flezotLfv4XR4=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISVxoxuh6MaVVLAPaNIymU7aoZNJmJmIIeQP3Pgrblwo4tatO//GSRtBWw8MnHvOvcy9x4sYlcqyvozSwuLS8kp5tbK2vrG5ZW7vtGQYC0yaOGSh6HhIEkY5aSqqGOlEgqDAY6TtjS9zv31HhKQhv1VJRNwADTn1KUZKS33z0EmdAKmR56f3WY8ew58q0ZWT9VN6bme9675ZtWrWBHCe2AWpggKNvvnpDEIcB4QrzJCUXduKlJsioShmJKs4sSQRwmM0JF1NOQqIdNPJPRk80MoA+qHQjys4UX9PpCiQMgk83ZlvK2e9XPzP68bKP3NTyqNYEY6nH/kxgyqEeThwQAXBiiWaICyo3hXiERIIKx1hRYdgz548T1onNduq2TdWtX5RxFEGe2AfHAEbnII6uAIN0AQYPIAn8AJejUfj2Xgz3qetJaOY2QV/YHx8A6oenQQ=</latexit>

Activations
<latexit sha1_base64="fLS3SgD4ThlmbWPIGGSMTh8ja84=">AAAB8nicbZBNS8NAEIYnftb6VfXoZbEInkrSix6rXjxWsB/QhrLZbtqlm03YnRRK6M/w4kERr/4ab/4bt2kO2vrCwsM7M+zMGyRSGHTdb2djc2t7Z7e0V94/ODw6rpyctk2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek/tFvTPl2ohYPeEs4X5ER0qEglG0Vu+WoZjmaAaVqltzc5F18AqoQqHmoPLVH8YsjbhCJqkxPc9N0M+oRsEkn5f7qeEJZRM64j2Likbc+Fm+8pxcWmdIwljbp5Dk7u+JjEbGzKLAdkYUx2a1tjD/q/VSDG/8TKgkRa7Y8qMwlQRjsrifDIXmDOXMAmVa2F0JG1NNGdqUyjYEb/XkdWjXa55b8x7r1cZdEUcJzuECrsCDa2jAAzShBQxieIZXeHPQeXHenY9l64ZTzJzBHzmfP5CLkWs=</latexit><latexit sha1_base64="fLS3SgD4ThlmbWPIGGSMTh8ja84=">AAAB8nicbZBNS8NAEIYnftb6VfXoZbEInkrSix6rXjxWsB/QhrLZbtqlm03YnRRK6M/w4kERr/4ab/4bt2kO2vrCwsM7M+zMGyRSGHTdb2djc2t7Z7e0V94/ODw6rpyctk2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek/tFvTPl2ohYPeEs4X5ER0qEglG0Vu+WoZjmaAaVqltzc5F18AqoQqHmoPLVH8YsjbhCJqkxPc9N0M+oRsEkn5f7qeEJZRM64j2Likbc+Fm+8pxcWmdIwljbp5Dk7u+JjEbGzKLAdkYUx2a1tjD/q/VSDG/8TKgkRa7Y8qMwlQRjsrifDIXmDOXMAmVa2F0JG1NNGdqUyjYEb/XkdWjXa55b8x7r1cZdEUcJzuECrsCDa2jAAzShBQxieIZXeHPQeXHenY9l64ZTzJzBHzmfP5CLkWs=</latexit><latexit sha1_base64="fLS3SgD4ThlmbWPIGGSMTh8ja84=">AAAB8nicbZBNS8NAEIYnftb6VfXoZbEInkrSix6rXjxWsB/QhrLZbtqlm03YnRRK6M/w4kERr/4ab/4bt2kO2vrCwsM7M+zMGyRSGHTdb2djc2t7Z7e0V94/ODw6rpyctk2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek/tFvTPl2ohYPeEs4X5ER0qEglG0Vu+WoZjmaAaVqltzc5F18AqoQqHmoPLVH8YsjbhCJqkxPc9N0M+oRsEkn5f7qeEJZRM64j2Likbc+Fm+8pxcWmdIwljbp5Dk7u+JjEbGzKLAdkYUx2a1tjD/q/VSDG/8TKgkRa7Y8qMwlQRjsrifDIXmDOXMAmVa2F0JG1NNGdqUyjYEb/XkdWjXa55b8x7r1cZdEUcJzuECrsCDa2jAAzShBQxieIZXeHPQeXHenY9l64ZTzJzBHzmfP5CLkWs=</latexit><latexit sha1_base64="fLS3SgD4ThlmbWPIGGSMTh8ja84=">AAAB8nicbZBNS8NAEIYnftb6VfXoZbEInkrSix6rXjxWsB/QhrLZbtqlm03YnRRK6M/w4kERr/4ab/4bt2kO2vrCwsM7M+zMGyRSGHTdb2djc2t7Z7e0V94/ODw6rpyctk2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek/tFvTPl2ohYPeEs4X5ER0qEglG0Vu+WoZjmaAaVqltzc5F18AqoQqHmoPLVH8YsjbhCJqkxPc9N0M+oRsEkn5f7qeEJZRM64j2Likbc+Fm+8pxcWmdIwljbp5Dk7u+JjEbGzKLAdkYUx2a1tjD/q/VSDG/8TKgkRa7Y8qMwlQRjsrifDIXmDOXMAmVa2F0JG1NNGdqUyjYEb/XkdWjXa55b8x7r1cZdEUcJzuECrsCDa2jAAzShBQxieIZXeHPQeXHenY9l64ZTzJzBHzmfP5CLkWs=</latexit>

Parameters
<latexit sha1_base64="CE4O6IRp0WWeTLUkK6hdPnH2YDA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPRi8cK9gPbUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmljc2t7p7xb2ds/ODyqHp90TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnFtRKwecJZwP6JjJULBKFrpsUU1jTjahmG15tbdBcg68QpSgwKtYfVrMIpZGnGFTFJj+p6boJ9RjYJJPq8MUsMTyqZ0zPuWKrvH+Nni4jm5sMqIhLG2pZAs1N8TGY2MmUWB7YwoTsyql4v/ef0Uw2s/EypJkSu2XBSmkmBM8vfJSGjOUM4soUwLeythExsCyzOo2BC81ZfXSadR99y6d9+oNW+KOMpwBudwCR5cQRPuoAVtYKDgGV7hzTHOi/PufCxbS04xcwp/4Hz+ALxHkPA=</latexit><latexit sha1_base64="CE4O6IRp0WWeTLUkK6hdPnH2YDA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPRi8cK9gPbUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmljc2t7p7xb2ds/ODyqHp90TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnFtRKwecJZwP6JjJULBKFrpsUU1jTjahmG15tbdBcg68QpSgwKtYfVrMIpZGnGFTFJj+p6boJ9RjYJJPq8MUsMTyqZ0zPuWKrvH+Nni4jm5sMqIhLG2pZAs1N8TGY2MmUWB7YwoTsyql4v/ef0Uw2s/EypJkSu2XBSmkmBM8vfJSGjOUM4soUwLeythExsCyzOo2BC81ZfXSadR99y6d9+oNW+KOMpwBudwCR5cQRPuoAVtYKDgGV7hzTHOi/PufCxbS04xcwp/4Hz+ALxHkPA=</latexit><latexit sha1_base64="CE4O6IRp0WWeTLUkK6hdPnH2YDA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPRi8cK9gPbUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmljc2t7p7xb2ds/ODyqHp90TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnFtRKwecJZwP6JjJULBKFrpsUU1jTjahmG15tbdBcg68QpSgwKtYfVrMIpZGnGFTFJj+p6boJ9RjYJJPq8MUsMTyqZ0zPuWKrvH+Nni4jm5sMqIhLG2pZAs1N8TGY2MmUWB7YwoTsyql4v/ef0Uw2s/EypJkSu2XBSmkmBM8vfJSGjOUM4soUwLeythExsCyzOo2BC81ZfXSadR99y6d9+oNW+KOMpwBudwCR5cQRPuoAVtYKDgGV7hzTHOi/PufCxbS04xcwp/4Hz+ALxHkPA=</latexit><latexit sha1_base64="CE4O6IRp0WWeTLUkK6hdPnH2YDA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPRi8cK9gPbUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmljc2t7p7xb2ds/ODyqHp90TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnFtRKwecJZwP6JjJULBKFrpsUU1jTjahmG15tbdBcg68QpSgwKtYfVrMIpZGnGFTFJj+p6boJ9RjYJJPq8MUsMTyqZ0zPuWKrvH+Nni4jm5sMqIhLG2pZAs1N8TGY2MmUWB7YwoTsyql4v/ef0Uw2s/EypJkSu2XBSmkmBM8vfJSGjOUM4soUwLeythExsCyzOo2BC81ZfXSadR99y6d9+oNW+KOMpwBudwCR5cQRPuoAVtYKDgGV7hzTHOi/PufCxbS04xcwp/4Hz+ALxHkPA=</latexit>

Statistic of the dataset
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Figure 1.7: Learning is
a function that maps a
dataset to parameters.
Inference, through a
neural net, is a function
that maps a datapoint to
activations.

1.5 Deep Nets
Deep nets are neural nets that stack the above motif many times (figure 1.8).
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Figure 1.8: Deep nets
consist of linear lay-
ers interleaved with
nonlinearities.

Each layer is a function. Therefore, a deep net is a composition of many functions:

f (x) = fL(fL–1(…f2(f1(x)))) (1.9) The L is the number of
layers in the net.These functions are parameterized by weights [W1, …,WL] and biases [b1, …,bL].

Some layers we will see later have other parameters. Collectively, we will refer to the
concatenation of all the parameters in a deep net as θ.

Deep nets are powerful because they can perform nonlinear mappings. In fact, a deep
net with sufficiently many neurons can fit almost any desired function arbitrarily closely, a
property we will investigate further in section 1.5.2.

1.5.1 Deep Nets Can Perform Nonlinear Classification
Let’s return to our binary classification problem shown previously, but now let’s make the
two classes not linearly separable. Our new dataset is shown in figure 1.9.

Here there is no line that can separate the zeros from the ones. Nonetheless, we will
demonstrate a multilayer network that can solve this problem. The trick is to just add more
layers! We can use the two layer MLP shown in figure 1.10.
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Figure 1.9: Dataset that
is not linearly separable.
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Figure 1.10: A
simple MLP network.
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Consider using the following settings for W1 and W2:

W1 =
[

–1 1
1 2

]
, W2 =

[
1 –1

]
(1.10)

The full net then performs the following operation:

z1 = x1 – x2, z2 = 2x1 + x2 / linear (1.11)

h1 = max(z1, 0), h2 = max(z2, 0) / relu (1.12)

z3 = h1 – h2 / linear (1.13)

y =1(z3 > 0) / threshold (1.14)The 1 is the indicator
function, which we define

as:

1(x) =

{
1 if x is true
0 otherwise

Here we have introduced a new pointwise nonlinearity, the Rectified linear unit (relu),
which is like a graded version of the threshold function we saw above, and performs
better in practice.

Let’s visualize the values that the neurons take on as a function of x1 and x2 in figure 1.11.

Figure 1.11: Values
of hidden units and
output unit for the

MLP in figure 1.10.
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As can be seen in the rightmost plot in figure 1.11, at the output y, this neural net success-
fully assigns a value of 1 to the region of the dataspace where the datapoints labeled as 1
live. This example demonstrates that is possible to solve nonlinear classification problems
with a deep net. In practice, we would want to learn the parameter settings that achieve
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this classification. One way to do so would be to enumerate all possible parameter settings
and pick one that successfully separates the zeros from the ones. This kind of exhaustive
enumeration is a slow process, but don’t worry, in later chapters we will see how to speed
things up using methods from optimization (in particular, gradient descent). But it’s worth
remarking that enumeration is always a sufficient solution, at least when possible parameter
values form a finite set.

1.5.2 Deep Nets Are Universal Approximators
Not only can deep nets perform nonlinear classification, they can in principle perform any
continuous input-output mapping. The universal approximation theorem [2] states that
this is true even for a network with just a single hidden layer. The caveat is that the num-
ber of neurons in the hidden layers will have to be very large in order to fit complicated
functions.

Technically, this theorem
only holds for continuous
functions on compact
subsets of RN – for
example a neural net
cannot fit noncomputable
functions. We will not be
rigorous in this section.
We direct the reader to
[12] for a formal
treatment of universal
approximation.

To get an intuition for why this is true, we will consider the case of approximating an
arbitrary function from R→R with a relu-network. First observe that any function can
be approximated arbitrarily well by a sum of indicator functions, that is, bumps placed at
different positions:

f (x)≈
∑

i

wi1(αi < x <βi) (1.15)

As an example, in figure 1.12 we show a curve (blue line) approximated in this way. As the
width, β –α, of the bumps (black lines) goes to zero, the error in the fit goes to zero.

2.0 1.5 1.0 0.5 0.0 0.5 1.0 1.5 2.0
x

0

1

2

3

4

5

y

Figure 1.12: Any func-
tion from R→R can
be approximated arbi-
trarily well by a sum of
elementary bumps.
While we only consider
scalar functions R→R
here, a similar
construction can be used
to approximate general
functions of the form
Rn→Rm.

Next we will show that a relu-net can represent equation (1.15). The weighted sum∑
i wi… is the easy part: that’s just a linear layer. So we just have to show that we can

also write 1(α < x <β) using linear and relu layers. It turns out the construction is rather
simple:

1(α < x <β)≈ relu
(

x – (α – γ)
γ

)
– relu

(
x –α
γ

)
– relu

(
x – (β – γ)

γ

)
+ relu

(
x –β)
γ

)
(1.16)

Here we show how a
neural net can represent a
function as a sum of basis
functions. This idea is also
foundational in signal
processing, where signals
are often represented as a
sum of sine waves
(chapter ??), boxes
(figure ??), or trapezoids
(figure ??).

As γ→ 0, this approximation becomes exact. The input to each of the four relus in equa-
tion (1.16) is an affine function of the input x, hence these four values can be represented
by a linear layer with four outputs. Then we apply a relu layer to these four values,
and finally we apply a linear layer to compute the sum over these relus (a weighted
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sum with weights [1,-1,-1,1]). Therefore equation (1.16) can be implemented as a linear-
relu-linear network. In figure 1.13 below, we show an example of constructing a bump
in this way.

Figure 1.13: A bump
can be represented

as a weighted sum of
shifted and scaled relus.
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Putting everything together, we have a linear-relu-linear for each bump, followed
by a linear layer for summing up all the bumps. The two linear layers in sequence
can be collapsed to a single linear layer, and hence the full function can therefore be
approximated, to arbitrary precision, by a linear-relu-linear net.Most literature refers to

such a net as having a
single hidden layer, using

the convention that we
don’t count pre- and

postactivation neurons as
separate layers.

Notice that in this approximation, we need four relu neurons for each bump we are
modeling. Therefore if we want to approximate a very bumpy function, say with N bumps,
we will need 4N relu neurons. In general, to achieve arbitrarily good approximation to a
curve we may need an unbounded number of neurons in our network.

1.5.3 Depth versus Width
Above we saw that if you have a hidden layer with N neurons, you can fit a function with
O(N) bumps. The number of neurons on a single hidden layer is called its width.

If different layers have
different numbers of

neurons, then we may
specify the width per

layer. Here we will
assume all layers have the

same width and simply
speak of the width of the

network.

So, as
we increase the width of a network, we can fit ever more complicated functions. What if
we instead increase the depth of a network, that is, its number of layers? It turns out that
this can also be an effective way to increase the capacity of the net, but its effect is a bit
different than increasing width.

Interestingly, it is sometimes the case that deep nets require far fewer parameters to fit
data than wide nets. Evidence for this statement comes mostly from empiricism, where
researchers have found that deeper nets just work better in practice on many popular prob-
lems. However, there is also the beginning of a mathematical theory of when and why this
can happen. The basic idea of this theory is to establish that there are certain classes of func-
tion that can be represented with a polynomial number of neurons in a depth d network but
require an exponential number of neurons in a depth d′ network, for certain d′ < d. Argu-
ments along these lines are called depth separations, and the interested reader can refer to
[11] to learn more about this ongoing line of research.

1.6 Deep Learning: Learning with Neural Nets
Using the formalism we defined in chapter ??, learning consists of using an optimizer to find
a function in a hypothesis space, that maximizes an objective. From this perspective, neural
nets are simply a special kind of hypothesis space (and a particular parameterization of that
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hypothesis space). Deep learning refers to learning algorithms that use this parameterized
hypothesis space.

Deep learning also typically involves using gradient-based optimization to search the
hypothesis space for the best fit to the data. We will investigate this approach in detail in
chapter ??, where we will learn about the backpropagation algorithm for gradient-based
learning with neural nets. However, it is certainly possible to optimize neural nets with
other methods, including zeroth-order optimizers like evolution strategies (section ??; [9]).

One intriguing alternative to backpropagation is called Hebbian learning [3]. Back-
propagation is a top-down learning algorithm, where errors incurred at the output (top) of
the net are propagated backward to inform earlier layers how to update their weights and
biases to minimize the loss; a form of learning from feedback. Hebbian learning, in con-
trast, is a bottom-up approach, where neurons wire up just based on the feedforward pattern
of activity in the net. The canonical learning rule in Hebbian methods is Hebb’s rule: “fire
together, wire together.” That is, we increase the weight of the connection between two neu-
rons whenever the two neurons are active at the same time. Although this learning rule is
not explicitly minimizing a loss function, it has been shown to lead to effective neural repre-
sentations. For example, Hebb-like rules can learn infomax representations, which capture,
in the neural activations, as much information as possible about the input signal [6]. Similar
rules lead to networks that act like memory banks [4]. Hebbian learning is also of interest
because it is considered to be more biologically plausible than backpropagation. This is
because Hebb’s rule can be computed locally—each neuron strengthens and weakens its
weights based just on the activity of adjacent neurons—whereas backpropagation requires
global coordination throughout the neural network. It is currently unknown how this global
coordination can be achieved in biological brains.

1.6.1 Data Structures for Deep Learning: Tensors and Batches
The main data structure that we will encounter in deep learning is the tensor, which is just
a multidimensional array. This may seem simple, but it’s important to get comfortable with
the conventions of tensor processing.

In general, everything in deep learning is represented as tensors—the input is one tensor,
the activations are tensors, the weights are tensors, the outputs are tensors. If you have data
that is not natively represented as a tensor, the first step, before feeding it to a deep net, is
usually to convert it into a tensor format. Most often we use tensor of real numbers, that is,
the elements of the tensor are in R.

Suppose we have a dataset {x(i),y(i)}N
i=1 of images x and labels y. The tensor way of

thinking about such a dataset is as two tensors, X∈RN×C0×H×W and Y∈RN×K . The first
dimension of the tensor is the number of elements in our dataset. The remaining dimensions
are the dimensionality of the images (C0 color channels by height H by width W) and labels
(K-way classification).

The activations in the network are also tensors. For the MLP networks we have seen so
far, the activation tensors have shape N×C`, where C` is the number of neurons on layer `,
sometimes also called channels in analogy to the color channels of the input image. In later
chapters we will encounter other architectures where the activation layers have additional
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dimensions, for example, in convolutional networks we will see activation layers that are
of shape N×C`×H`×W`.

One other important concept is batch processing. Normally, we don’t process one
image at a time through a neural net. Instead we run a batch of images all at once, and
they are processed in parallel. A batch sampled from the training data can be denoted as
{x(i)

batch,y(i)
batch}Nbatch

i=1 , and the batch represented as a tensor has shape X∈RNbatch×C0×H×W

and Y∈RNbatch×K .
The weights and biases of the net are also usually represented as tensors. The weights

and biases of a linear layer will be tensors of shape W` ∈RC`+1×C` and b` ∈RC`+1 .
As an example, in figure 1.14 below, we visualize all the tensors associated with a batch

of three datapoints being processed by the MLP from figure 1.10. For this network, the
input is not a set of images but instead a set of vectors X∈RNbatch×C0 . The output is one
value for each input vector, so we have Y∈RNbatch×1.

Figure 1.14: The ten-
sors that represent

one pass through the
MLP in figure 1.10.
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where the capital letters are the batches of datapoints and activations corresponding to
the lowercase names of datapoints and hidden units in figure 1.10.

This example shows the basic concept of working with tensors and batches for one-
dimensional data, but, in vision, most of the time we will be working with higher-
dimensional tensors. For image data we typically use four-dimensional tensors: batch ×
channels× height× width; for videos we may use five-dimensional tensors: batch× chan-
nels × height × width × time. Three-dimensional (3D) scans have an additional depth
spatial dimension; videos of 3D data could therefore be represented by six-dimensional
tensors. As you can see, thinking in terms of two-dimensional matrices is not quite suf-
ficient. Instead, you should be imagining data processing as operating on N-dimensional
tensors, sliced and diced in different ways. As a step in this direction, you may find it
useful to visualize tensors in 3D, as shown in figure 1.15.

Figure 1.15: A 3D tensor
that could represent an

C×H×W color image.
H

W C
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pointwise nonlinearities.

This is closer to the actual ND tensors vision systems work with, and many concepts can
be adequately captured just by thinking in 3D. We will see some examples in later chapters.

1.7 Catalog of Layers
Below, we use the color blue to denote parameters and the color red to denote
data/activations (inputs and outputs to each layer).

1.7.1 Linear layers
Linear layers are the workhorses of deep nets. Almost all parameters of the network are
contained in these layers; we call these parameters the weights and biases. We have already
introduced linear layers previously. They look like this:

xout =Wxin +b / linear (1.17)

1.7.2 Activation layers
If a net only contained linear layers then it could only compute linear functions. This is
because the composition of N linear functions is a linear function. Activation layers add
nonlinearity. Activation layers are typically pointwise functions, applying a scalar to scalar
mapping on each dimension of the input vector. Typically parameters of these layers, if any,
are not learned (but they can be). Some common activation layers are defined below and
are plotted in figure 1.16:

xout[i] =

{
1, if xin[i] > 0

0, otherwise
/ threshold (1.18)

xout[i] =
1

1 + e–xin[i] / sigmoid (1.19)

xout[i] = 2 ∗ sigmoid(2 ∗ xin[i]) – 1 / tanh (1.20)

xout[i] = max(xin[i], 0) / relu (1.21)

xout[i] =

{
max(xin[i], 0), if xin[i]≥ 0

a min(xin[i], 0), otherwise
/ leaky-relu (1.22)

1.7.3 Normalization layers
Normalization layers add another kind of nonlinearity. Instead of being a pointwise nonlin-
earity, like in activation layers, they are nonlinearities that perturbs each neuron based on the
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collective behavior of a set of neurons. Let’s start with the example of batch normalization
(batchnorm) [5].

Batchnorm standardizes each neural activation with respect to its mean and variance
over a batch of datapoints. Mathematically,

Recall from statistics that
the standard score of a

draw of a random variable
is how many standard

deviations it differs from
the mean: z = x–µ

σ
.

xout[i] = γ
xin[i] –E[xin[i]]√

Var[xin[i]]
+β / batchnorm (1.23)

where γ and β are learned parameters of this layer that maintain expressivity so that the
layer can output values with non-zero mean and non-unit variance. Most commonly batch-
norm is applied using training batch statistics to compute the mean and variance, which
change batch to batch. At test time, aggregate statistics from the training data are used.
However, using test batch statistics can be useful for achieving invariance to changes in the
statistics from training data to test data [13].

There are numerous other normalization layers that have been defined over the
years. Two more that we will highlight are L2 normalization and layer normalization
(layernorm) [1]. L2 normalization projects the inputs onto the unit hypersphere, which
useful for bounding the activations to unit vectors:

xout[i] =
xin[i]
‖xin‖2

/ L2-norm (1.24)

Layernorm is similar except that it standardizes the vector of input activations:

µ=
1
N

N∑
i=1

xin[i] (1.25)

σ2 =
1
N

N∑
i=1

(xin[i] –µ)2 (1.26)

xout[i] = γ
xin[i] –µ

σ
+β / layernorm (1.27)

Notice that layernorm,
like L2-normalization,

maps the activation vector
to the surface of a

hypersphere, but it also
centers the activations to

have zero mean, and then
scales and shifts the

activations via γ and β.
As an exercise, see if you

can write layernorm using
L2-normalization as one

step.

Notice that layernorm also looks quite similar to batchnorm. Both standardize activations
but do so with respect to different statistics. Layernorm computes a mean and variance over
elements of a datapoint xin, and will do so separately for each such datapoint in a batch.
Batchnorm computes the mean and variance per channel over datapoints in a batch. If we
have a batch stored in the tensor X∈RNbatch×C, then what layernorm does looks just like
a “transpose” of what batchnorm does. Batchnorm standardizes each element of the tensor
by the mean and variance of its column. Layernorm standardizes each element by the mean
and variance of its row:

Figure 1.17: Batch-
norm vs layernorm.

Gray indicates the region
over which mean and

variance are computed.

batchnorm

C channels

N
ba

tc
h

layernorm
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further normalization
schemes visualized this
way.One issue with batchnorm is that it requires processing a batch of datapoints all at once,

and introduces a dependency between each datapoint in the batch. This violates the prin-
ciple that datapoints should be processed independently and identically (iid), and this can
lead to bugs if your method relies on the iid assumption. Layernorm does not have this
problem and does indeed process each datapoint in an iid fashion.

1.7.4 Output layers
The last piece we need is an output layer that maps a neural representation—a high-
dimensional array of floating point numbers—to a desired output representation. In
classification problems, the desired output is a class label, and the most common output
operation is the softmax function, which we have already encountered in previous chapters.
In image synthesis problems, the desired output is typically a 3D array with dimensions
N×M× 3, and values in the range [0, 255]. A sigmoid multiplied by 255 is a typical output
transformation for this setting. The equations for these two layers are:

xout[i] =
e–τxin[i]∑K

k=1 e–τxin[k]
/ softmax

(1.28)

xout[i] = 255 ∗ sigmoid(xin[i]) / common layer for image output problems
(1.29)

In the softmax definition we have added a temperature parameter τ , which is commonly
used to scale how peaky, or confident, the predictions are.

The output layer is the input to the loss function, thus completing our specification of the
deep learning problem. However, to use the outputs in practice requires translating them
into actual pictures, or actions, or decisions. For a classification problem, this might mean
taking the argmax of the softmax distribution, so that we can report a single class. For
image prediction problems, it might mean rounding each output to an integral value since
common image formats represent red-green-blue values as integers.

There are of course many other output transformations you can try. Often, they will
be very problem specific since they depend on the structure of the output space you are
targeting.

1.8 Why Are Neural Networks a Good Architecture?
As you will soon learn, almost all modern computer vision algorithms involve neural nets in
one way or another. So you may be wondering: why are deep nets such a good architecture?
We will highlight here five reasons:

1. They are high capacity (big enough nets are universal approximators).
2. They are differentiable (the parameters can be optimized via gradient descent).
3. They have good inductive biases (neural architectures reflect real structure in the

world).
4. They run efficiently on parallel hardware.
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5. They build abstractions.

Let’s look at reasons 1-3 in light of the discussion of searching for truth from chapter ??
(see figure ??). Reason 1 relates to the size of the hypothesis space. The hypothesis space
can be made very big if we use a large neural network with many parameters. So we can
usually be sure that our true solution (or a close approximation to it) does indeed lie in the
space spanned by the neural net architecture. Reason 2 says that searching for the solution
within this space is relatively easy, since we can use gradients to direct us toward ever
better fits to the data. Reason 3 is one we will only come to appreciate later in the book as
we investigate more advanced neural net architectures. It turns out that these architectures
impose constraints and regularizers that bias our search toward solutions that capture true
structure about the visual world, and this leads to learned solutions that generalize.

Reason 4 is equally important to the first three: it says we can do all this efficiently
because most computations can be parallelized on modern hardware; in particular both
matrix multiplies (linear layers) and pointwise operations (e.g., relu layers) are easy
to parallelize on graphical processing units. Further, most operations are applied to image
batches, where each item in the batch can be sent to a different parallel compute node.

Reason 5 is the perhaps the most subtle. It is related to the layered structure of neural
nets. Layer by layer, neural nets build up increasingly abstracted representations of the
input data, and these abstractions tend to be increasingly useful. This argument is not easy
to appreciate at first glance, but it will be a major theme of the subsequent chapters in
this book, especially those on representation learning. For now, just keep in mind that the
internal representations that are built up layer by layer in deep nets are useful and important
beyond just the net’s overall input-output behavior.

1.9 Concluding Remarks
Neural nets are a very simple and useful parameterized hypothesis space. They are universal
approximators that can be trained via gradient descent and run on parallel hardware. Deep
nets are especially effective in computer vision; as we will soon see, deep architectures
can be constructed that specifically reflect structure in the visual world, and make visual
processing highly efficient and performant. Artificial neural nets also have connections to
the real neural nets in our brains. This connection runs deeper than merely sharing a name:
the deep net architectures we will see later in this book (e.g., convolutional networks, trans-
formers) are our best current models of computation in animal brains, in the sense that they
explain brain data better than any competing models [10]. This is a class of models truly
worth paying attention to.
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